
Continuous-time Markov chain

We review here some important steps for the study of a CTMC, and especially how to use it to
model a problem. We focus on the content of homework 9 (problems 2, 3).

The key steps/ concepts are:

1. State space and transition diagram

2. Finding the parameters of the model / transition rates

3. Establishing equations for the limiting probabilities

Problem 2

In a factory, there are 4 machines and 2 repairmen. The duration of a machine before breaking is
exponential with rate 1

20
. Once broken, the amount of time it takes to a repairman to repair it is

Exp(1/5). We assume the the two repairmen cannot repair the same machine at the same time.

Problem 3

We consider a counter with two servers, where customers arrive at exponential rate λ and join
a queue. When a server completes a service, the first customer in the queue joins this server.
If a customer finds both servers free, he joins server 1 with probability 1

2
and server 2 with prob-

ability 1
2
. The service time is Exp(µ1) for server 1 and Exp(µ2) for server 2. We assume µ1+µ2 > λ.

4. (Bonus question) We now assume that server 1 is more efficient than server 2, i.e. µ1 > µ2,
but when a customer finds both servers free, he always joins server 1.

How to model these problems as CTMC’s?

State space, transition diagram

Problem 2:

Problem 3:
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Parameters of the model
We saw in class two equivalent parametrization of the models to define the transition rates

from a state to another

• with jumping time to leave states (vi) and conditional probabilities (pij)

• with instantaneous transition rates qij

The qij’s yield a transition matrix that allows to write the Kolmogorov equations and the bal-
ance equations for finding stationary distributions.

If we know the rate of the Exponential random time from state i to j, it is precisely
qij.

Problem 2:
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Setting the equations to find the limiting probabilities

• If the MC is time reversible or can be seen as a BD process, limiting probabilities follow some
simple set of equations.

• General case
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Exponential r.v.’s

We used results on the minimum of Exp r.v.’s. More generally, you should conversely know
how to manipulate the pdf’s and cdf’s of Exp. r.v.’s, use the memoryless properties to calculate
quantities involving Poisson process or CTMC’s (like service times, waiting times). Section 202:
Feb 14, 24, 26.
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