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Modélisation et analyse de réseaux neuronaux, réactions
chimiques stochastiques dans des micro-domaines

cellulaires, et dynamiques des télomères

Résumé

Dans cette thèse, nous modélisons différents évènements aléatoires intervenant en biolo-
gie. Dans une première partie, on étudie d’abord certaines propriétés et comportements de
populations de neurones. En utilisant un modèle de facilitation dépression synaptique, on
étudie le phénomène de bursts synchrones observés à différentes échelles de populations.
On étudie ensuite la transition entre état haut et bas de neurones induite par le bruit.
Afin de comprendre le phénomène d’oscillations du temps de séjour dans l’état haut, on
étudie le problème de premier temps de passage pour une classe de processus stochastiques
dans un domaine avec un attracteur situé près d’un cycle limite. On construit une classe
de systèmes conjugués à celui de Hopf, pour lequel on estime explicitement la distribu-
tion des points de sortie, le premier temps de passage, ainsi que le spectre de l’opérateur
de Fokker-Planck associé via les méthodes d’approximations WKB et couche limite. On
s’intéresse enfin aux interactions entre neurones et astrocytes, et plus spécifiquement à
l’intégration du potassium par les astrocytes durant l’activité neuronales. En introduisant
un modèle à trois compartiments rendant compte des variations du potassium astrocy-
taires, neuronales et extracellulaire, on simule les dynamiques du potassium pour différents
protocoles de stimulations pour déterminer comment les canaux astrocytaires influencent
la neurotransmission et jouent un rôle in vivo dans des comportements pathologiques tels
que l’épilepsie. Dans une deuxième partie, on s’intéresse au temps d’atteinte d’un seuil
pour des réactions chimiques stochastiques faisant intervenir un petit nombre de réactifs
et de sites de liaison. On calcule la probabilité et le temps moyen d’atteinte pour dif-
férents types de réactions. Les méthodes introduites sont ensuite utilisées pour étudier
d’abord le contrôle du fuseau mitotique, pour lequel on extrait des taux de réactions à
partir de contraintes biophysiques. La deuxième application concerne la régulation post-
transcriptionnelle de l’expression génétique dans le noyau et le cytoplasme, où l’on calcule
la probabilité d’expression de l’ARN messager, dépendant du seuil de liaison avec ses sup-
presseurs. Dans la troisième partie, on modélise la dynamique stochastique des longueurs
de télomères après chaque division cellulaire. En étudiant le processus de drift et saut
associé, on prédit la distribution stationnaire ainsi que la longueur du télomère le plus
court d’une cellule.

Mots-clefs

Processus stochastiques, Modélisation stochastique, Problème de premier temps de pas-
sage, Perturbation aléatoire de systèmes dynamiques, Processus de Markov, Valeurs pro-
pres d’opérateur non auto adjoint, Réactions chimiques stochastiques, Division cellulaire,
Régulation de l’expression des gènes, Télomères, Neuroscience computationnelle, Interac-
tions neurone glie, Canal Kir 4.1, Equation neuronale de champ moyen, Facilitation et
dépression synaptiques.
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Modeling and analysis of neural networks, stochastic
chemical reactions in cellular micro-domains and telomere

dynamics

Abstract

In this PhD, we model specific stochastic events occurring in different biological contexts.
In the first part, we study three different properties of neural networks. Using a mean field
facilitation-depression synaptic model, we unravel the synchronous long lasting bursting
observed at various scales of neural populations. Next, we study the neuronal noise induced
transition between Up& Down states. To study the oscillatory peaks of the time spent in
Up state, we consider the exit problem for a class of stochastic processes in a domain with
an attractor located close to a limit cycle. We construct a class of systems conjugate to
the Hopf bifurcation system, and using WKB approximation and boundary layer analysis,
we obtain explicit estimates for the distribution of exit points, the first passage time
and the spectrum of the associated Fokker Planck operator. We finally focus on neuroglial
interactions and more specifically on astrocytic potassium uptake during neuronal activity.
Using a tri-compartment model accounting for the astrocytic, neuronal and extracellular
ionic variations, we simulate the potassium dynamics for different stimulation protocols
and we determine how astrocytic channels can influence neurotransmission and play a role
in vivo in pathological conditions such as epilepsy. In the second part, we focus on the
threshold activation for stochastic chemical reactions in cellular micro-domains, in the case
of few number of reactants and binding sites. We compute the probability and the mean
first time to reach a threshold for different reactions. The methods are applied to study
the mitotic spindle checkpoint, for which we extract the chemical rates from biophysical
constraints. Secondly, we apply this framework to the problem of gene expression and
post-transcriptional regulation in the nucleus and cytoplasm. In this case, we compute
the probability of successful delivery of mRNA, which depends on a threshold of binding
with suppressors. The third part is finally dedicated to the stochastic dynamics of telomere
length across cell divisions. We model the dynamics of telomere length as a drift and jump
process, which allows predicting the distribution of telomere length and the length of the
shortest telomere, by solving the associated Fokker Planck equation and computing order
statistics of independent random variables.

Keywords

Stochastic process, Stochastic modeling, Random perturbations of dynamical systems,
Markov processes, Eigenvalues of non-self adjoint operator, Stochastic chemical reactions,
Cellular division, Gene expression regulation, Telomeres, Computational neuroscience,
Neuroglial interactions, Kir 4.1 channel, Neuronal mean field equation, Synaptic facilita-
tion and depression.
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Introduction

Uncertainty and randomness play a central role in many processes in biology. In this
PhD thesis, my goal was to model and quantify specific stochastic events occurring in
different biological contexts. I developed analytical methods based on partial differential
equations, asymptotic analysis, stochastic processes and computational methods. In the
following sections, I will present the biological background and the main results obtained
by studying specific properties of neuronal networks, stochastic chemical reactions, and
telomere length dynamics.

0.1 Analysis of neural networks

In the first part of the thesis, I studied three specific properties of neuronal networks. First,
in small island of 10-30 interconnected neurons, experiments indicate that with a 5ms
stimulation inducing a single spike at a single neuron, one obtains a synchronous bursting
response of the full network for several seconds. This long lasting bursting response is
modulated by different parameters, such as the timing of previous stimulations [31]. To
analyze this phenomenon, I used a mean field model, where synaptic variables allow to
relate the properties of the network to the duration of the reverberation time.

Secondly, I studied the switch of neuronal membrane potential between two different
states, so-called Up & Down states [34, 90, 198]. These switches are spontaneous and due
to neuronal noise arising from many sources, including spontaneous release of synaptic
vesicles [61, 200]. Interestingly, it has been shown that the time spent in up state is
highly irregular and non-poissonian [90, 136, 199]. To explain such phenomenon, I studied
a specific class of randomly perturbed dynamical systems and derived the asymptotic
distribution of exit time corresponding to the time spent in Up state.

Thirdly, it is well known that abnormal accumulation of extracellular potassium results
in epileptic neuronal activity [66, 69]. Increasing evidence shows that specific cells called
astrocytes may actively regulate the extracellular potassium and thus neuronal excitability
[222]. To precisely understand their role, I built a tri-compartment model which accounts
for the neuronal, astrocytic and extracellular ionic and current variations induced by neu-
ronal activity. Within this framework, I simulated the dynamics of neuroglial-interaction
for different protocols of stimulations, which allows to predict how the level of extracellular
potassium, modulated by astrocytic channels, can influence neurotransmission.

Bursting reverberation

Synchronous neuronal activity is determined by intrinsic and synaptic properties of neu-
rons participating in the network. Patterned stimulation of one of the participating neu-
rons can lead to reverberations of selective neural elements [68]. Yet, the cellular pa-
rameters that determine the properties of a synchronized network burst are still not fully
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understood [112, 234]. In hippocampal neurons grown in microcultures [31], a single ac-
tion potential triggered by a 5ms stimulation induces a long synchronous burst of the
full network for several seconds. Interestingly, the evoked burst duration also depends on
the recovery time after a previous burst (see fig. 1). Cohen et Segal [31] showed that
this priming-induced reduction in burst duration was actually not due to postsynaptic
parameters but to presynaptic terminals (see fig. 1). Reducing the extracellular level of
calcium suppressed the priming effect on burst duration, leading them to conclude that
the limiting factor regulating burst duration is most likely the depletion of presynaptic
resources [31]. To understand this property and relate the burst duration to the intrinsic

Figure 1: Burst generated in otherwise silent microculture. Up: Left: Sample
illustration of a microculture hosting 9 neurons viewed with phase microscope, after 1 cell
was filled with biocytin and the entire culture was immunostained for the neuronal nuclei
marker NeuN (red) and biocytin (green), demonstrating the spread of neuronal processes
within the droplet. Right: Evoked bursts generated each with a single action potential
evoked alternately at 5 and 35 seconds intervals, demonstrating a reduction in burst du-
ration when the bursts are generated in shorter intervals. Adapted from [32]. Down:
Schematic diagram of a synapse. In response to an electrical impulse, neurotransmit-
ter molecules released from the presynaptic axon terminal bind to the specific receptors
for that neurotransmitter on the postsynaptic neuron (Copyright: 2000 by BSCS and
Videodiscovery, Inc.).

parameters of the network, I used a mean field model of synaptic facilitation/depression,
which shares some similarities with [203, 204]. Facilitation and depression are short-term
neuronal properties, detected in electrophysiological experiments as changes in the am-
plitude of excitatory posts currents (EPSC). They are evoked by a very rapid (tens of
milliseconds) second presynaptic spike following the first one [129] (see fig. 2). Both
mechanisms originate at the synapse and while depression is associated with a decrease
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in the vesicular release probability, facilitation reflects an effect of residual calcium at the
presynaptic terminal. These processes cause modulation of synaptic transmission in the
range of milliseconds to several seconds [103, 141].

Figure 2: Synaptic facilitation and depression. Up: In the left column, two action
potentials arrive (APs) (the corresponding time window is indicated by grey boxes). Imme-
diately before the first AP, the release machinery is not active (pink bars on right). After
the AP, Ca2+ enters the terminal and vesicles are released (green bars). At synapses with
low release probability, most release sites fail to release vesicles (left panel, second row).
Ca2+ ions that enter the synaptic terminal owing to a single presynaptic AP can prime
the release machinery (third row, orange bars), and successive spikes will elicit increased
release (fourth row). Depressing synapses (right) have a high probability of transmitter
release for a single presynaptic AP. If the immediately releasable pool of transmitter vesi-
cles cannot be replenished fast enough or the release machinery is refractory (third row),
successive spikes will trigger less transmitter release (fourth row)(adapted from [108]).
Down: Effects of synaptic facilitation (left) and depression (right). In left, Postsynaptic
current recorded from CA3 pyramidal cells during paired pulse stimulation (adapted from
[16]). In right, Postsynaptic current generated by a regular spike train in rat neocortex
slices (adapted from [213]).

Previous neuronal network modeling [129, 142, 212, 223, 224] have shown that facilitation-
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depression network can underlie reverberation in large neuronal ensembles, suggesting that
a few seconds of reverberation corresponds to a burst duration that in another context
characterizes short term memory [142]. Our model describes the mean firing rate h, a
facilitation parameter x and the running fraction of neurotransmitter available (depres-
sion) y [11, 129]. The mean field equations are derived from averaging the equations of a
network of N neurons, for which at each synapse, the effects of depression and facilitation
are described with a model introduced in [129, 212].

Following the experimental protocols, two bursts were evoked within the model at
5 and 35 seconds intervals. The fast stimulus activates the network which generates a
similar behavior as seen with the experimental data, including a reduction in the second
burst duration when it was generated at a short interval (5 seconds) after a priming burst.
However, no changes are observed in the second burst when evoked after 35 seconds (see fig.
3). In agreement with experimental data, the model is sufficient to capture the observed
phenomenology of bursting reverberation, and gives an interpretation of it through the
synaptic dynamics. Numerical simulations indeed show that synaptic depression is the
dominant factor that prevented the fast recovery. The duration of the bursting duration
TR is also predominantly controlled by synaptic facilitation, which is regulated by the
extracellular calcium concentration. One key result obtained is the analytical expression

Figure 3: Bursting reverberation: Comparison between experimental record-
ings [32] and numerical simulations. Up: Evoked bursts generated in a microculture
hippocampal neurons, with a single action potential evoked alternately at 5 and 35 sec-
onds intervals (cf. 1).Down: Following the experimental protocol, we simulated the mean
firing rate response.

for the burst duration TR(J), in the limit of a low connected network, given by

TR(J) =
θ −

√

θ2 − 2JτXH(K − LX)τ ln
(
H
hth

)

JτXH(K − LX)
, (1)

where X,H,K,L, θ, τ are different parameters, and J represents the synaptic connectivity.
This formula indicates that the reverberation time TR is a sub-linear function of the
synaptic connectivity J . Thus as J increases, the reverberation time starts increasing
slowly. More generally, we found that this slow increasing phase is followed by a quick
rising phase until a maximum value is reached. After the maximum, there is a fast decay.
Such bell shape behavior can be interpreted as follows: when the network is not connected
enough through synapses, facilitation cannot sustain a strong reverberation time, while
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in a network showing too many connections, synaptic depression dominates, preventing a
long reverberation time. Thus we found an optimal reverberation time, occurring for a
single value of the mean connectivity J .

Due to the scaling invariance of the mean field system of equations (system 5.29),
we also infered that reverberation should further persist in any larger networks, possibly
underlying higher brain function. This prediction is verified in the context of CA3 hip-
pocampal slices, and we showed in collaboration with Nathalie Rouach’s lab (Collège de
France) that similar burst bahavior is observed for such large neuronal ensembles.

Noise transition in Up & Down states Neurons

In this section, I will present the characteristics of Up and Down state neurons, which mo-
tivated the mathematical problem of escape for a specific stochastic process studied later
on. As an example of spontaneous activity observed in cerebral cortex the phenomenon of
Up and Down states is defined by voltage transitions between two distinct levels, observed
simultaneously when recoding from many neurons. This phenomenon was originally de-
scribed in [34, 198]. Figure 4 shows an example of a recording from the primary visual
cortex of the cat, which shows alternating random switches between two levels of mem-
brane potential. Several mathematical models were used to reproduce Up and Down state

Figure 4: Up states recorded in a fast spiking neuron in the primary visual
cortex of the cat (adapted from [185]).

behavior, using network equations of adaptive exponential integrate and fire neurons [44],
combination of excitation and inhibition in a two population model [58], or attributing
the Up to Down state transition to neuronal adaptation due the building up activity of
K+ channels [110, 198]. Attributing the spontaneous fluctuations to the external noise at
the level of neural populations, Holcman and Tsodyks [90] used a model which describes
the mean activity of a homogeneous population of neurons, using two main variables. The
first variable represents the mean activity of the whole population and can be scaled to
represent locally the average membrane potential as variable V , while the second variable
is the mean rate of synaptic depression in the network, represented as variable µ (see
[1, 213]).The dynamics is

τ V̇ = −V + µUwTR(V ) +
√
τσω̇ (2)

(3)

µ̇ =
1− µ
tr
− UR(V ),

where ωT measures the average synaptic strength in the network, U and tr are utilization
parameter, τ is the neuron time constant, and recovery time constants of synaptic depres-
sion and R(V ) is an average firing rate (in Hz) given by the threshold-linear dependence
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Figure 5: Dynamics of Up and Down state. (A): Phase portrait of V and µ according
to the dynamics of [90]. We plot the limit cycle and nullclines which intersect at the Up
state. A stochastic trajectory φ is represented.(B): The representation of φ in the time
space, indicating a first spike (a) not sufficient to push the particle in the Up state. In
(b), the noise pushes the particle inside the limit cycle, resulting in a transition to the Up
state.

on the voltage:

R(V ) =

{

V − T if V > T
0 else.

(4)

where T > 0 is a threshold parameter. The third term in eq. 2 summarizes all uncorrelated
sources of noise, with amplitude σ. Analysis of the phase space for the system shows the
emergence of two nonsymmetric attractors when the network is sufficiently interconnected.
Due to the particular geometry of those attractors, the noise generates a bistable regime
(see fig. 5), allowing the switch from one basin of attraction to another.

Numerical simulations in [90] show that the mean time the network spends in the Down
state is comparable to the mean time it takes for the synapses to recover from a certain
depressed activity. This deterministic relaxation is not much affected by how strong the
noise is. As long as the network is in the Down state, the depression recovers exponentially,
until a transition in the Up state is produced. Reciprocally, a transition from the Up to the
Down state is achieved when the noise pushes the dynamics outside the Up state region.
The time spent in the Up state is the first passage time from any point inside of the basin
of attraction to the unstable limit cycle. In particular, the model predicts that the time
that a network spends in the Up state is highly variable, changing from a fraction of a
second to more than ten seconds, which could have some interesting implications for the
temporal characteristics of working memory [90]. An interesting feature of the dynamic
system associated with the up and down state neurons is

In addition, experimental evidence indicates that this time is non-poissonian [136, 199]
(see fig. 6). Since the mean first passage time to exit a domain is usually well approximated
by an exponential law, the rate of which is the principal eigenvalue of the associated Fokker-
Planck operator [181], this suggests that an analysis of the further eigenvalues should be
needed to capture the properties of the distribution. Not much, however, is known about
higher order eigenvalues. Looking at the dynamical system, we also notice that the stable
point is relatively close to the limit cycle. Assuming that this configuration may perturb
the solution of the associated exit problem, my goal in the next part of this thesis was to
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build a generic a class of dynamical system with an attractor arbitrarily close to its limit
cycle and then, obtain explicit expression for the exit time distribution.

Figure 6: Dwell times of spontaneous membrane potential fluctuations of cor-
ticostriatal and striatal neurons show broad peaks reflecting both periodicity
and deviations from periodicity (adapted from [199]).

Oscillatory peaks for the escape of a stochastic process across a charac-
teristic boundary

I now introduce a class of dynamical systems which present a limit cycle with an attractor
inside which can be arbitrarily close. This particular configuration arises in the model
of Up & Down state neurons, for which upstate has been characterized as the basin of
attraction of an attractor, the boundary of which is a limit cycle. The associated dynamics
is the result of a Hopf-bifurcation in the dynamical system of mean field depression model
[90]. Thus, I begin with the normal form of the Hopf bifurcation, which in complex
coordinates is given by [109]

dz

dt
= b(z) = λz(−1 + iω + |z2|), (5)

where λ and ω are real constants. λ is the parameter of bifurcation. To obtain a dy-
namical system with an attractor arbitrarily close to the limit cycle, I use the Mobius
transformation

Φα(z) =
z − α
1− αz , 0 < α < 1. (6)

where −α ∈] − 1, 0]. I then conjugate the Hopf dynamical system with Φα, to obtain a
class bα of parameter α, such that the field bα has an attractor at −α and the circle |z| = 1
is an unstable limit cycle (see fig. 7). Finally I obtain the following class of stochastic
dynamics

dxε = bα(xε) dt+
√

2εa(xε) dw, (7)

where w is a two dimensional Brownian motion, and bα is given by

bα(z) =
(z + α)(1 + αz)

(1− α2)

(

−1 +
∣
∣
∣
∣

z + α

1 + αz

∣
∣
∣
∣

2

+ iω

)

.
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Figure 7: The field bα, (α = 0.9) with an example of stochastic trajectory.

For this class of dynamics, I studied the associated exit problem, which consists in de-
termining the mean first passage time (MFPT) and the exit distribution of the random
trajectories on the boundary value of the domain (in our case, the unit disk). The exit
time distribution can be expressed via Ito’s formula [182] in terms of the transition prob-
ability density function (pdf) pε(y, t |x) of the trajectories xε(t) from x ∈ D to y ∈ D in
time t. The pdf is the solution of the Fokker-Planck equation

∂pε(y, t |x)
∂t

= Lypε(y, t |x) for x,y ∈ D
pε(y, t |x) = 0 for x ∈ ∂D, y ∈ D, t > 0 (8)

pε(y, 0 |x) = δ(y − x) for x,y ∈ D

where the Fokker-Planck operator Ly is given by

Lyu(y) = ε
2∑

i,j=1

∂2
[
σi,j (y)u(y)

]

∂yi∂yj
−

2∑

i=1

∂
[
bi (y)u(y)

]

∂yi
. (9)

and σ(x) = a(x)aT (x).

L∗xv(x) = ε
2∑

i,j=1

σi,j (x)
∂2v(x)
∂xi∂xj

+
2∑

i=1

bi (x)
∂v(x)
∂xi

. (10)

The stationary pdf pε(y|x) develops singularities in the domain and on its boundary as
ε→ 0. These singularities are classically resolved by constructing an approximate solution
that contains all the singularities of pε(y|x) in the limit of small ε. To do so, the method
consists in transforming the Fokker-Planck equation (8) by seeking a solution in the WKB
form [144]

pε(y|x) = Kε(y|x) exp
(

−ψ(y)
ε

)

, (11)
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with unknown functions Kε(y|x) and ψ(y). The exponential term in (11) captures the
essential singularity of pε(y|x) inside the domain, whereas the pre-exponential term the
singularity on the boundary. Substituting eq. 11 into (8), we obtain at the leading order
that ψ satisfies a first order equation of Hamilton-Jacobi form, andKε a transport equation
[144, 182]. Using the WKB approximation, the general solution of the exit distribution and
MFPT were computed for the escape of characteristic boundary (for which the normal
component of the field vanishes on it) in [132, 182]. I used these formulas to obtain
asymptotic expression of both the exit distribution and the MFPT for our specific problem.
I first obtained that the leading order term for the distribution of exit point Pα is given
by

Pα(θ) =
(
1 + 2α cos θ + α2

)−3

∫ π
−π (1 + 2α cos s+ α2)−3 ds

, (12)

which shows that the exit distribution is concentrated near the point θ = π, which is the
closest boundary point from the attractor x0. The MFPT τα is approximated in the limit
α→ 1 as

τ̄(Pα) ∼ C(ω)
√

2πε(1 + α)2

4(1 + 4α2 + α4)
exp

{

ψ̂α
ε

}

. (13)

When the ratio (1−α)2

2ε is of order 1, the exit time is also of order 1 and is not anymore
exponentially long with ε as in the classical escape problem. We furthermore estimate
the higher order eigenvalues, and interestingly, I found find that the imaginary part of the
second eigenvalue is given by that of the Jacobian matrix at the attractor. Consequently,

in the regime of
(1− α)2

2ε
∼ 1, oscillatory peaks appear in the distribution of exit time

(see fig. 8), corresponding to the number of loops around the attractor before exit. To
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Figure 8: Histogram of exit time, indicating the presence of regular peaks .

conclude, the present approach shows that the non-Poissonian origin of the time spent in
the Up state is precisely due to the peak oscillation, since its associated stochastic process
falls into the class described here. This behavior is thus an intrinsic property of network
dynamics.
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The neuroglial potassium cycle during neurotransmission: role of Kir4.1
channel

Astrocytes (fig. 9) are star-shaped sub-type of glial cells in the central nervous system.
Previously, they were looked upon as gap fillers for the neuronal network, but increasing
evidence showed that they may play a number of active roles in the brain, including the
secretion or absorption of neural transmitters and maintenance of the bloodbrain barrier
[106]. In particular, astrocytes regulate the extracellular potassium and thus neuronal

Figure 9: A protoplasmic astrocyte (green) enveloping a neuron (red) (From
[5]).

excitability [222], via a specific Potassium inward rectifier channel called Kir 4.1 [47, 78].
However, the mouse model used to draw these conclusions (conditional Kir4.1 knockout
mice directed to glial cells) exhibits several limitations: 1/ Kir4.1 channels are also deleted
in oligodendrocytes [47]; 2/ astrocytes are severely depolarized [26, 47]; 3/ mice die pre-
maturely (3 weeks) and display ataxia and seizures [47], highlighting that chronic deletion
of Kir4.1 channels induces multiple brain alterations and possibly compensations. Thus,
the specific and acute contribution of astroglial Kir4.1 channels to extracellular K+ levels
are still unclear.

In collaboration with Nathalie Rouach’s lab, that provided electrophysiological data
on astrocytes in hippocampal slices, I built a tri-compartment model (see fig. 10) which
describes the ionic variations in astrocytic, neuronal and extracellular space in function
of neuronal activity. Fitting the conductance of this channel to I-V curve experimental
data, we obtained a good agreement of the astrocyte depolarization between the model
and experimental recordings. Using a combination of electrophysiological recordings with
the tri-compartment model, we quantified K+ neuroglial interactions during basal and
high activity and deciphered the acute role of astrocytes in controlling K+ homeostasis
and neuronal activity. In particular, we found that Kir4.1 channels play a crucial role in
K+ clearance and astroglial and neuronal membrane potential dynamics especially during
repetitive stimulations, and prominently regulate neuronal excitability for 3 to 10 Hz
rhythmic activity.
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Figure 10: Schematic representation of the tri-compartment model: neuronal
activity induces the release of K+ in the extracellular space, which is taken up
by astrocytes.

0.2 Threshold activation for stochastic chemical reactions

The second part of this thesis is dedicated to the study of the threshold activation for
stochastic chemical reactions. In a cellular micro-domain with a few number of molecules
and binding sites, my goal was to derive the probability and mean time to reach a certain
threshold of binding. The approach and the results obtained are then used to study two
key processes in cellular biology: the mitotic spindle checkpoint and the gene regulation
by microRNAs.

Markov model of chemical reactions with a small number of Molecules

Biological microstructures such as synapses, dendritic spines, subcellular domains, sensor
cells, and many other structures are regulated by chemical reactions that involve only a
small number of molecules, that is, between a few and up to thousands of molecules. A
chemical reaction that involves only 10 - 100 proteins can cause a qualitative transition
in the physiological behavior of a given part of a cell. Therefore, a theory of chemical
kinetics of such reactions is needed to predict the threshold at which switches occur and
to explain how the physiological function is regulated in molecular terms at a subcellular
level. Indeed, the standard theory of chemical kinetics is insufficient for the determination
of the threshold value, because it is based on the assumption that there is a sufficiently
large number of reactant molecules and it describes the time evolution of only the average
number of molecules. The forward binding rate of a chemical reaction as it was previously
computed does not make much sense, since the widely used Smoluchowski formula k =
2πRD[X] for the binding rate k of Brownian particles with diffusion coefficient D and
concentration [X], improved in [241] and [73], assumes infinite medium and a spherical
absorbing or partially absorbing surface of radius R. These assumptions obscure the role
of the restricted geometry of microdomains and thus cannot adequately describe chemical
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reactions in microdomains.

Figure 11: Schematic reaction in a microdomain where channels are located on
the boundary. Molecules move according to a Brownian motion inside the domain. A
particle binds by hitting a free channel.

In [88, 183] a model for computing the fluctuation of the number of bound molecules
was proposed, based on a Markovian approach. The boundary of the domain Ω is parti-
tioned into an absorbing part (pumps, exchangers, another substrate that forms permanent
bounds) which form binding sites S of small size a, and a reflecting part (cell membrane)
(see figure 11). In terms of traditional chemical kinetics the binding of an agonist molecule
M to S follows the law

M + S
λ
⇋

k−1

MS, (14)

where λ is the forward rate at which a single M -molecule encounters one of the single free
substrate and k−1 is the backward binding rate at which MS dissociates. MS dissociates
with exponential waiting times with rate k−1, which depends only on the local potential
[133, 181]. It is given by the Arrhenius law

k−1 = Ce−∆E/kbTe (15)

where C is the pre-exponential constant factor, Te is the temperature, and ∆E is the elec-
trostatic potential barrier generated by the binding molecule and the friction coefficient.
In this model the volume of M is neglected, so that the probability distribution of this
first passage time is approximately exponential with rate

λ =
1
τ̄
,

where τ̄ is the mean first passage time for a single particle to bind to a single site, given
by the small window approximation [87, 194] as

τ̄ ≈ |Ω|
4aD

. (16)
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When there are k M -molecules and m sites, which are assumed well separated, the
probability distribution function of the time for the next receptor to bind is then well

approximated by the exponential pdf with instantaneous rate
km

τ̄
. Starting with M0

M-molecules and S0 sites, we derive the master equation for the probability density
functions pk(t) = Pr{MS(t) = k|MS(0) = 0} that the number of bound molecules
|MS| at time t is equal to k. The number k(t) of unbound receptors at time t is a
Markovian birth-death process with states 0, 1, 2, . . . ,min {M,S} and with transition rates
λk−1,−(λk+k−1k), k−1(k+ 1). The Kolmogorov equations for the transition probabilities
are then given by

ṗ0 = −λ0p0 + k−1p1

ṗk = −(λk + k−1k)pk + λk−1pk−1 + k−1(k + 1)pk+1 for 0 < k < S0 (17)

ṗS0 = −(λS0 + k−1S0)pS0 + λS0−1pS0−1

where

λk =
(S0 − k)(M0 − k)

τ̄
. (18)

Explicit estimates of the stationary mean and variance of bound sites were derived from the
master equation (17) in [87, 183], and used to estimate the fraction of bound receptors in
photo-receptor outer segments and to interpret the channel noise measurements variance.
In [91] the number of bound AMPA receptors in the post-synaptic density was estimated.
A similar gated Markovian model was proposed in [53]. This framework is also sufficiently
general to include the Michaelis-Menten reaction theory and modulation of the reaction
due to push-pull reactions. When the microdomain Ω is open and diffusing molecules
arrive at random times, the time course of any chemical reaction inside Ω is affected, yet
the properties of the moments can be estimated analytically [87].

Threshold activation

Using the markovian approach formulated above, I studied the mean time to reach a
threshold (MTT) for an ensemble of particles (molecules, proteins, ions, ligands) to bind
to a given number of targets. The MTT τ̄T for the amount of MS molecules at time t to
reach a threshold T , is the expectation of the random time

τT = inf{t > 0|MS|(t) = T}, (19)

where |MS|(t) is the number of MS molecules at time t. To estimate the mean first time
that the number of bound molecules reaches the threshold T , equation (17) is modified so
that the state |MS| = T is absorbing, which leads to the modified system:

ṗ0 = −λ0p0 + k−1p1

ṗk = −(λk + k−1k)pk + λk−1pk−1 + k−1(k + 1)pk+1 for 0 < k < T − 1

ṗT−1 = −(λT−1 + k−1(T − 1))pT−1 + λT−2pT−2

ṗT = λT−1pT−1.

From this new master equation, the MTT τ̄T is then given by

τ̄T =
T−1∑

0

ak, (20)
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where ak =
∫+∞

0 pk(t)dt. One of the main results obtained here is a formula for τ̄T in
several cases: first, when the targets, all initially unbound, are distributed on the surface
of a closed microdomain, we obtain an analytical formula when the backward rate vanishes
(k−1 = 0) and later on when k−1 > 0. In the latter case, the asymptotic expressions for
τ̄T are [40]

τ̄ ≈







1
λM0

[

log
(

1 + T
S0−T

)

+ k−1

λM0

(
T
S0−T − log

(
S0
S0−T

))]

when M0 ≫ S0, T,

1
λS0

[

log
(
M0
M0−T

)

+ k−1

λS0

(
T

M0−T − log
(
M0
M0−T

))]

when S0 ≫M0, T,

T
λM2

0

[

1 + k−1

2λ2

(
T
M2

0

)2
]

when S0 = M0 ≫ T.

(21)

Interestingly, for τ̄ ≫ 1, the time to threshold T τT varies quadratically with the Narrow

Escape Time τ̄ (as τ̄ =
1
λ

). These analytical and asymptotic results are in agreement

with Brownian simulations, which extend previous analysis on the first passage time for
discrete processes (ch. XII, p.292 [216]) or diffusion controlled reactions p. 272 [169].

To extend this analysis to other types of processes, I studied later on the case of dif-
fusing molecules that can possibly disappear before binding the sites, modeled generically
as

M + S
λ−→ MS (22)

M
µ−→ ∅. (23)

Another scenario is that of two competitive molecular pathways, for which the probability
and the MTT for one pathway to be activated before the other are evaluated. This case
can be generically modeled as

M + S1
k1−→ MS1 (24)

M + S2
k2−→ MS2, (25)

To study these two cases, I introduced a two dimensional markov-chain and by counting
the number of paths on the associated Markov graph, I obtained a general expression for
the probability to reach a threshold T and the conditional MTT.

The mitotic spindle checkpoint

The previous analysis can be applied to various biological processes. In particular, this
approach is well adapted to study a process called mitotic spindle checkpoint. The spindle
checkpoint occurs during metaphase, when centrosome nucleated microtubules interact
with the chromosomes kinetochores to build the mitotic spindle (see Fig. 12). Only after
all chromosomes have become aligned at the metaphase plate and when every kinetochore
is properly attached to a bundle of microtubules, the cell enters anaphase. To prevent
premature progression to anaphase, even if all-but-one of the kinetochores have been at-
tached and the chromosomes are aligned, unattached or improperly attached kinetochores
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generate a signal inhibiting the anaphase activators, called the spindle assembly check-
point (SAC).

Figure 12: Left: Schematic representation of a chromosome. The centromere/inner kine-
tochore, outer kinetochore, centric heterochromatin and chromosome arms, and associated
functions, are shown (adapted from [201]). Right: Metaphase spindle organization in a
human cell. Microtubules are stained green, centrosomes are stained red and chromosomes
are stained blue (adapted from [113]).

Default activation of the spindle assembly checkpoint actually provides severe con-
straints on the underlying biochemical activation rates: on one hand, the cell cannot
divide before all chromosomes are aligned, but on the other hand, when they are ready,
the separation is quite fast, lasting a few minutes. I used these opposed constraints to esti-
mate the associated chemical rates. To do so, I modeled the dynamics of Cdc20 molecules,
which trigger the cleavage of chromosomes via the activation of the anaphase promoting
complex (APC/C) located at the kinetochores. Indeed, when the kinetochores are not
all properly attached, the SAC enables the inhibition of Cdc20 binding with APC/C
[146, 153]. Current models [62, 120, 126, 207, 220] of the checkpoint propose that Mad2
protein has a crucial role either to sequester Cdc20, or acts in conjunction with the BubR1
and Bub3 proteins to form an inhibitor called the "Mitotic Checkpoint Complex" (MCC).
These different processes can basically be reduced to the schematic representation in figure
13, where an activator (CDC20) has to reach a target (the chromosome), and is inhibited
by specific inhibitors (MCC). To adequately describe these chemical processes, I used the
stochastic approach developed previously. Using Markovian equations [40, 88] to account
for the binding dynamic associated with a finite number of molecules, I computed the
time dependent probability that the spindle is not initiated before time t and then the
mean time to induce anaphase. Hence, I obtained quantitative constraints to guarantee
strong inhibition of Cdc20 by the SAC, which can be used for different cell types and
organisms, providing a general framework to study the dynamics of activators during the
spindle checkpoint and the anaphase transition.
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Figure 13: A schematic view of the spindle assembly checkpoint and anaphase.
A: Before all chromosomes are all attached, the mitotic checkpoint complex inhibits the
Cdc20 molecules binding with APC/C to prevent premature separation of sister chro-
matids. This signal ubiquitylates Cdc20. B: When all chromosomes are properly attached,
the inhibiting signal is shut down. C and D: Activation of APC/C triggers the separation
of the chromatids and ultimately the anaphase.

Post-transcriptional regulation

A second example where to apply our framework is the mRNA repression by post-transcriptional
regulation, which occurs between the transcription and translation of genes (see fig. 14).
We can distinguish here two types of post-transcriptional regulation: RNA interference
(RNAi) [3] occuring in the nucleus, and post-transcriptional regulation of the tumour sup-
pressor gene, PTEN [202] occurring in the cytoplasm. These processes can be described in
terms of Markov processes, involving a few number of binding sites and a binding threshold
which activates the repression.

In the case of the PTEN mRNA, binding of small RNA molecules, known as mi-
croRNAs (miRNAs), regulate its translation. Moreover, an assortment of modulation
mechanisms can affect this regulation. Such mechanism occurs when binding sites are
blocked, preventing miRNAs from binding to their targets. In 2010, Eiring et al. [56] sug-
gested that specific decoy RNAs ("decoys") can achieve this by binding to the same sites
as miRNAs, thereby interfering with miRNA-mRNA interactions. If these decoys block
the binding sites of PTEN mRNAs, then PTEN will be up-regulated as there will be fewer
opportunities for miRNAs to bind and repress PTEN translation. This process can be
formulated in terms of escape problem and threshold activation: an mRNA molecule is
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Figure 14: Overview of gene expression: Transcription and processing of the newly
made mRNA occurs in the nucleus of the cell. Once a mature mRNA transcript is made
it is transported to the cytoplasm for translation into protein. This transport is regulated
by post-transcriptional mechanisms, involving notably miRNA ans siRNA proteins.

confined to the cytoplasm by the cell membrane, save for a few small, stationary targets
(ribosomes) via which the particle can escape into the endoplasmic reticulum. In addition,
miRNAs and decoys compete for binding sites located on this mRNA, and can trigger its
repression before it escapes. Actually, the case of mRNA repression via small inferring
RNA (siRNA) in the nucleus can be seen as a particular case of this process, with no
decoys.

The most general case of interactions, which corresponds to the case of PTEN cannot
be solved analytically. Yet, it is possible to derive analytical formulas in some specific
cases. In particular, for the RNAi model, the probability that the mRNA escapes the
domain intact is given by

Pa(T,N0, x) =
T−1∑

s=0

xs
N0!

(N0 − s)!
s∏

j=0

1
1 + (N0 − j)x

, (26)

where x is a biophysical parameter, T the threshold of repression and N0 the total number
of binding sites of the mRNA. Overall, This present approach can be used to obtain precise
estimate for the number of siRNAs/miRNAs needed for specific genetic regulation.

0.3 Telomere length dynamics across cell divisions

Modelling telomere length dynamics

The final part of this PhD is dedicated to study the stochastic dynamics of telomere length
across cell divisions. Telomeres are regions of repetitive nucleotide sequences at each end
of chromosomes,(see Fig. 15), necessary for the maintenance of chromosomal integrity and
overall genomic stability [43]. Without any mechanism of elongation, their length can only
decrease during cell division [227] (Fig. 16A). As a result, a cell can only divide a finite
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number of times before it arrests proliferating, when telomeres become critically short.
This process is called senescence, and has been proposed as a component of cellular aging
[8]. To compensate this shortening process, the ribonucleoprotein telomerase [24] allows
telomeres to elongate (Fig. 16B). Thus, the opposing effects of constitutive shortening
and telomerase elongation can maintain a telomere length at equilibrium, so that the cell
does not undergo senescence.

Figure 15: DNA caps called telomeres (yellow) protect gene-bearing chromosomes (blue).
Image courtesy of Peter M. Lansdorp, BC Cancer Research Centre, Vancouver, Canada

Interestingly, the length of short telomeres are preferentially increased by telomerase
[210] and the shortest one seems to be involved in limiting cellular proliferation [82]. How-
ever, the relation between telomerase activity and the length of the shortest telomeres
remains elusive.
As the shortest telomere among all those present in the cell is involved in the senescence, a
stochastic approach is needed to study the distribution of the telomere lengths and deter-
mine the length of the shortest one. Here, I present a simple stochastic model of telomere
length dynamics across cell divisions, based on the biochemical telomere elongation by
telomerase, which is telomere length dependent. In this model, a single telomere of length
Ln can at the end of each cellular division either be elongated by a length ξ with proba-
bility P (Ln), or shortened by a length a with probability 1− P (Ln). Thus, after cellular
division, the telomere length Ln+1 is given by

Ln+1 =

{

Ln −a w.p. 1− P (Ln)
Ln +ξ w.p. P (Ln),

(27)

where a is the shortening rate while ξ is the number of nucleotides added by telomerase.
The increment ξ is a random variable, which is independent of telomere length and its
probability follows an exponential distribution of parameter p, where 1

p gives the mean
number of base pairs added per elongation. We infered the analytical expression of the
probability of elongation P (Ln) from the biochemical reactions involved in telomerase
recruitment, so that P (Ln) is given by

P (Ln) =







1
1 + β(Ln − L0)

if Ln ≥ L0

1 else
, (28)

where β and L0 are constant parameters. The shortening rate a and the constant parame-
ters p, β and L0 are all fitted to experimental data on the observed frequency of elongation
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Figure 16: Model for telomere replication in budding yeast. A: Fork movement towards
the chromosome terminus leads to telomere shortening. B: Telomerase-dependent telomere
elongation (adapted from [117])

for telomeres with different lengths and the observed elongation lengths [210].
In collaboration with Teresa Teixeira’s lab (Institut de Biologie Physico-Chimique

(IBPC)), we compared numerical simulations with experimental data and obtained a good
agreement for the steady state distribution and the mean average dynamics. A major
advantage of the model is to give access to the length of specific telomeres. In particular
the model predicts the length of the shortest one in a single cell, thus allowing to study
the role of the shortest telomere as the key genetic marker determining senescence.

Analysis of the telomere length distribution

After re-scaling the process described above, the telomere length dynamics can be reduced
to a continuous time Markovian jump process x(t), for which the pdf f(x, t), satisfies the
Takacs equation, which is the forward Master equation (see [104, 182])

∂tf = ∂xf − λ(x)f(x, t) +
∫ l

0
λ(y)f(y, t)b(x− y)dy, (29)

where λ is a transition rate function and b accounts for the elongation length. Deriving
the Takács equation leads to a generic expression for the steady state distribution for the
telomere length, which can be approximated by a normalized Gamma distribution.
In addition, the distribution of the length of shortest telomere among n, noted X(1:n),can
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be analytically derived. Its pdf (also called the first order statistic) is given by

fX(1:n)
(x) = n(1− F )n−1(x)f(x), (30)

where F (x) =
∫ x

0 f(u)du. When f is a Gamma distribution of parameter α and n suf-
ficiently large, I estimated X̄k(1:n) using the Laplace’s method. Similarly, I applied the
same methods to the second shortest telomere and determined the difference between the
shortest and the second shortest. Interestingly, the ratio between these two lengths goes
to a constant which depends on α as

X̄(2:n)

X̄(1:n)

≈ 1 +
1
α
. (31)

These formulas are general and thus can be used for every telomerase positive cell type.

0.4 Organization of the thesis

The thesis is organized as follows:
Chapter 1-3. In chapter 1, I present the mean field facilitation-depression synaptic

model and study synchronous bursting activity in neural networks. The bursting time is
studied analytically and numerically, indicating that synaptic properties can significantly
contribute or affect the network reverberation for small and large ensembles of neurons. In
chapter 2, I introduce and study the exit problem for a class of stochastic processes, derived
from the Hopf two dimensional system. The pdf of exit points, the mean first escape
time, and the second eigenvalue of the associated Fokker-Planck operator are explicitly
computed, allowing to understand the phenomenon of oscillatory peaks for time in Up state
for the Up & Down state neurons. In chapter 3, I present the tri-compartment model of
neuroglial interactions. The results of numerical simulations for different experimental
protocols are compared with experimental data to determine the role of astrocytes in
regulating the extracellular potassium variations induced by neuronal activity.

Chapter 4-6. In chapter 4, I compute the probability and the mean time to reach a
threshold of binding for certain types of chemical reactions using a Markovian approach.
In chapter 2, I apply these methods to determine the chemical rates associated with the
spindle mitotic checkpoint. In chapter 3, I study within this framework the problem
of gene expression and post-transcriptional regulation in the nucleus and cytoplasm. The
probability of successful delivery of mRNA is computed, as a function of threshold binding
with suppressors.

Chapter 7-8. In chapter 7, I model the telomere length dynamics across cell division
using a simple stochastic process. I test the impact of the different parameters on the
distribution of telomere length and predict the length of the shortest telomere and its role
in triggering senescence. These results are confirmed experimentally. In chapter 8, I derive
and solve the Fokker Planck equation associated to the process to compute the generic
telomere length distribution, and that of the shortest telomeres.
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Analysis of neural networks





Chapter 1

Bursting reverberation in small
and large neuronal networks

Submitted as K. Dao Duc, C.Y. Lee, D. Cohen, M. Segal, N. Rouach and D. Holcman,
"Bursting reverberation in small and large neuronal networks"

Neuronal networks can generate complex patterns of activity that depend on mem-
brane properties of individual neurons as well as on functional synapses. To decipher the
impact of synaptic properties and connectivity on neuronal network behavior, we stud-
ied the responses of neuronal ensembles from small (between 5-30 cells in a restricted
sphere) and large (acute hippocampal slice) networks to single electrical stimulation. In-
terestingly, in both cases, a single stimulus generated a synchronous long-lasting bursting
activity. We characterized this activity in neuronal populations using electrophysiological
recordings and a mean field model based on synaptic facilitation/depression. While the
initial spikes triggered a reverberating network activity that lasted 2-5 seconds for small
networks, it lasted only up to 300 milliseconds in slices. The reverberation time has a bell
shaped relation with the synaptic density. In addition, before reaching its maximum, this
reverberation time increased sub-linearly. We conclude that synaptic properties and the
network connectivity shape the mean burst duration, which persists across various net-
work scales. This synchronization is an inherent property of sufficiently connected neural
networks based on synaptic depression and facilitation.

1.1 Introduction

Synchronous neuronal activity is determined by intrinsic and synaptic properties of neu-
rons participating in the network. Patterned stimulation of one of the participating neu-
rons can lead to reverberations of selective neural elements [68]. The cellular parameters
that determine the properties of a synchronized network burst are still not fully understood
[112, 234]. Earlier studies proposed that membrane currents generated by calcium and
calcium-gated potassium channels create plateau potentials which can depolarize neurons
for seconds [139, 176]. On the other hand, synaptic properties are essential for the gen-
eration and maintenance of the bursts [9, 31]. Recent studies propose that specific ’hub’
long range GABAergic neurons in the hippocampus are the ones to trigger and synchronize
network bursts [157]. In hippocampal neurons grown in microcultures [31], network bursts
induced by a single action potential triggered in one neuron of the network, reverberate for
several seconds. This reverberating burst is followed by a long refractory period, assumed
to be caused by the depletion of neurotransmitters from presynaptic terminals [31].
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In the present study, we investigated this property across networks of various scales.
Neuronal network modeling has shown that facilitation-depression networks can under-
lie reverberation in large neuronal ensembles [129, 142, 212, 223, 224], suggesting that
a few seconds of reverberation correspond to a burst duration that in another context
characterizes short-term memory [142]. Because the mean-field description of depression-
facilitation synapses does not depend on the number of neurons, small and large neuronal
ensembles with similar local connectivity should produce similar responses. Facilitation
and depression are short-term neuronal properties, detected in electrophysiological exper-
iments as changes in the amplitude of excitatory postsynaptic currents (EPSCs) evoked
by a paired stimulation with short inter-stimulus intervals (tens of milliseconds) [129].
Both mechanisms originate at the synapse and while depression is associated with deple-
tion of presynaptic vesicles, facilitation reflects an increased vesicular release probability
due to accumulation of residual calcium at the presynaptic terminal. These processes
cause modulation of synaptic transmission in the range of milliseconds to several seconds
[103, 141].

In the present study, we further investigated the behavior of small neuronal networks
(2-20 neurons) growing on permissive islands. A single intracellular stimulus evoked a burst
epoch marked by synchronous activity lasting several seconds (reverberation period) that
depends on the local synaptic properties. The depression-facilitation model predicts that
the burst duration has a single maximum as a function of the synaptic connectivity (the
other synaptic properties are constant) and we studied the effect of changing the main
synaptic parameters. In addition, the facilitation variable mediated by calcium dynamics
defines the duration of the first evoked burst, but not of a second one induced 5 seconds
later. Finally, we show that bursting reverberation is a general property that can be found
in more organized neuronal ensembles such as in pyramidal cells from acute hippocampal
slices. However, the reverberation duration is much shorter compared to the one we
report in neuronal cultures. We conclude that bursting reverberation is a fundamental
feature that depends on intrinsic properties of depression-facilitation networks and which
persists in both small and large neuronal ensembles. Bursting reverberation results from
the synaptic properties and the overall network connectivity where depression-facilitation
properties define the duration of fast synchronous bursting activity [142].

1.2 Results

To study the dynamics of neuronal networks and extract the fundamental properties un-
derlying the network activity, we use two types of experiments with a mean-field neural
network modeling based on depression-facilitation. The first experiments involve hip-
pocampal neurons in culture, forming a small group of neurons (between 5-30) (Fig. 1.1).
In such neuronal ensemble, an action potential evoked at any neuron was able to generate
a burst lasting 1-4 seconds. Furthermore, when two action potentials were evoked at 5
seconds interval, the duration of the second burst was markedly reduced compared to the
first one, while no change was found when the intervals between the bursts was longer
than 35 seconds. Synaptic vesicles were required to sustain bursting, and calcium was
determinant in defining the duration of the first burst [31]. In the second experimental
setting, we studied reverberation in hippocampal pyramidal cells from acute brain slices.
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Vm

Figure 1.1: Bursting reverberation in small neuronal islands. Whole cell recording
from a neuron in the island, illustrating responses to two short current pulses that evoke
action potentials in the recorded neuron. The first current stimulation evoked an initial
spike followed by a depolarization and several additional spikes. The second current pulse,
applied 3 seconds later produced only a single spike, that was not followed by a reverber-
ating network burst, as seen in response to the first stimulus. The insert illustrates the
island where this neuron was recorded, and filled with biocytin for immunohistochemical
identification (red). The island was co-stained with synaptophysin (green dots) to estimate
the number of synapses in the network.

1.2.1 Reverberation is present in a model based on synaptic depression-
facilitation.

As neuronal bursts originate from synaptic properties, we investigated whether the depression-
facilitation property of synapses contribute to such bursts. We adopt a mean-field model,
to describe sufficiently connected and homogeneous neural network, where the synaptic
dynamics of a single homogeneous excitatory neuronal population is described by the
mean firing rate h, a facilitation parameter x and the running fraction of neurotransmit-
ter available (depression) y [11, 129]. This model shares some similarities with [203, 204].
Although the depression variable is usually associated with a decay in the vesicular release
probability, the facilitation variable has been suggested to depend on presynaptic calcium
dynamics. When a short stimulation is generated at a time tstim, the overall dynamics is
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given by

τ ḣ = −h+ Jxyh+ + τHδ(t− tstim)

ẋ =
X − x
tf

+K(1− x)h+ (1.1)

ẏ =
1− y
tr
− Lxyh+,

where an experimental spike stimulation is accounted for in our equation by the term
Hδ(t− tstim), which sets at time tstim the average firing rate of the network to the value
H (≈ 50 Hz). The average population firing rate R = h+ = max(h, 0) is a threshold
linear function of synaptic current. The term Jxy reflects the combined effect of synaptic
short-term dynamics and network activity. The second equation describes the facilitation
dynamics, which enters into a depression process described in the third equation [129].
J measures the mean number of connections (synapses) per neurons, while K and L
are related to the biophysical characteristics by which the firing rate is transformed into
molecular events that are changing the duration and the probability for vesicular release
respectively. More precisely, in a biophysical context, L is the rate at which vesicles are
depleted for a given firing rate and K measures the rate of facilitation. The two time scales
tf and tr define the recovery of a synapse from the network activity. They depend on the
type of neurons [142]. Following the experimental protocols, within our model, we evoked
two bursts at 5 and 35 seconds intervals, and we simulated such dynamics (parameters
in Table 1.1). The stimuli activate the network which generates a similar behavior as
observed in the experimental data, i.e. a reduction in the second burst duration when
it was generated at a short interval (5 seconds) after a priming burst (Fig. 1.2B-D and
table 1.2 ). However, no changes are observed in the second burst when evoked after 35
seconds. To examine what determines the slow refractoriness of network bursts, we plotted
in Fig. 1.2B the depression and facilitation parameters and found that facilitation allows
the propagation of the initial wave from a single neuron to the full network, which then
disappears at a time scale of tf = 1.3 s, while the slow depression component prevented the
neuronal ensemble from reactivation when a second burst is generated at a short interval.
We conclude that the short term network memory described in this paired pulse network
protocol is induced by the synaptic depression. Although depression disappeared with a
single exponential time scale of td = 2 s, it could last for tens of seconds. This decay
is compatible with the depletion of synaptic vesicles, which induces depression. Indeed
during vesicle fusion, the readily releasable pool is depleted with a time scale of less than
100 ms, while long stimulations can activate other pools, which can take seconds to recover
[237]. These data suggest that the long lasting bursting (2 seconds), which was shown to
involve asynchronous vesicular release, recruits several different vesicular pools, leading to
an overall recovery of 2 s. In addition, the depletion is so strong that it takes a total of
30 seconds to recover to the basal state. We conclude that synaptic depression-facilitation
determines the properties of the network and the burst reverberation. While synaptic
depression is the dominant factor that prevented the fast recovery, it is also responsible
for shutting down the burst activity.

1.2.2 An explicit expression for the reverberation time as a function of
the network parameters.

Because the burst duration depends strongly on the synaptic properties, we investigated
the effect of changing the total synaptic connections (variable J). For that purpose, we
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Figure 1.2: The synaptic depression-facilitation model accounts for bursting
reverberation. (A) Evoked bursts generated in a microculture hippocampal neurons
[31], with a single action potential evoked alternately at 5 and 35 seconds intervals, showing
a reduction in burst duration when the bursts are generated at the short interval. (B)
Following the experimental protocol, we simulated with equation 5.29 and parameters of
Table 1.1 the mean firing rate response, plotted as a function of time. The corresponding
facilitation and depression variables show the level of neuronal activity underlying the
overall dynamics. (C) Plot of the product xy, which accounts for the total synaptic
modulation, as a function of time. (D) Burst durations at 35 seconds and 5 seconds
intervals. We compare the burst durations from experimental data (n=20) with numerical
simulations of the model 5.29.

started by estimating analytically the reverberation time when the network is not highly
connected. Following the experimental protocol, an induced spike at time t = 0 sets the
firing rate h to a value H and the reverberation time TR is defined as the first time where
the average firing rate h reaches the threshold value hT = 10Hz under which we consider
that there is no more any synchronous bursting activity. Thus, we define the reverberation
time as

TR = inf{t > 0, h(t) = hT }. (1.2)

To estimate TR, we approximate during the early bursting period the firing rate by
h(t) ≈ H in the last two equations of system (5.29) (Figs. 1.9 and 1.10). Although
this approximation can affect drastically the dynamics of the depression and facilitation
x and y later on in the decay phase of h, it does not impact the behavior of the aver-
age firing rate h, which depends on x and y essentially in the initial phase. Within the
approximation, we obtain (see Appendix section in Supplementary material) that

h(t) = H exp
(

− t
τ

+ J

∫ t

0
x(s)y(s)ds

)

. (1.3)
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Table 1.1: Model parameters.
Parameter Islands Acute slices

τ 0.01 s 0.01 s
tf 1.3 s 1.3 s
tr 2 s 20 s
J 1.98 2.06
K 0.004 Hz 0.004 Hz
L 0.0054 Hz 0.037 Hz
X 0.5 0.5
H 50 Hz 50 Hz
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Figure 1.3: Reverberation time as a function of synaptic connectivity. (A) Burst
duration time as function of the network connectivity (parameter J) for different values of
the facilitation parameter K and (B) the depression parameter L, (other parameters are
described in Table 1.1). We indicate the position of variable extracted for the experimental
datas, which lie close to the maximum.

After estimating the integral
∫ t

0 x(s)y(s)ds in terms of the variable −tdLHX(1+ KH
1/tf+KH ),

we solve the equation hT = h(TR) and obtain that

TR(J) =
θ −

√

θ2 − 2JτXH(K − LX)τ ln
(
H
hth

)

JτXH(K − LX)
(1.4)

θ = 1− JXτ.

showing that the reverberation TR is a sub-linear function of the synaptic connectivity J
(Fig. 1.11). Thus as J increases, the reverberation time starts increasing slowly.
To investigate the dynamics TR in a larger interval of synaptic connection, we use a
numerical method and solve the complete system of equations 5.29. We obtain a sublinear
regime and interestingly, found that the slow increasing phase we just found is followed
by a quick rising phase until a maximum value is reached (Fig. 1.3). After the maximum,
there is a fast decay. Such bell shape behavior can be interpreted as follows: when the
network is not connected enough through synapses, facilitation cannot sustain a strong
reverberation time, while in a network showing too many connections, synaptic depression
dominates, preventing a long reverberation time. Thus we found an optimal reverberation
time, occurring for a single value of the mean connectivity J . Surprisingly, we found that
the network parameters accounting for the experimental data (Fig. 1.2) were close to the
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optimal value of the reverberation time (Fig. 1.3). We cannot determine whether this is a
pure coincidence or whether the optimum corresponds to an attractor in the development
of the neuronal network. We conclude that to obtain a maximal bursting time, the network
should not be too much connected and this optimal reverberation time depends on the
biophysical properties of the synapses and on the network connectivity.
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Figure 1.4: Calcium-dependence of reverberation bursts in small networks. (A)
Evoked bursts recorded after exchanging the medium from 2 mM CaCl2 and 1 mM MgCl2
to 1 mM CaCl2 and 2 mM MgCl2 [31, 32]. (B) Simulated response to evoked bursts: the
extracellular concentration change is modeled by adjusting the parameter X to fit the
burst duration variation within the calcium concentration decrease. (C) Comparison of
the burst durations demonstrating a reduction in the duration of the 1st burst (35 seconds
interval burst) but not the 2nd burst (5 seconds interval burst), when [Ca2+] was reduced
and [Mg2+] increased. We compare the first and second burst durations of the model
for value of X = 0.50 given in Table 1.1 and X∗ = 0.4925, which fit the burst durations
variations due to calcium concentration changes observed in left.

1.2.3 Decreasing extracellular calcium alters differentially and sequen-
tially evoked bursts in small networks.

Changes in extracellular calcium levels (from 2 to 1 mM) in cultured hippocampal neurons
led to a reduction of the mean duration time of the first burst, but not the second (Fig.
1.4A,C and table 1.3 ). Thus to analyze the underlying mechanism, we used the present
depression-facilitation model. Indeed, synaptic vesicular release is mediated in large by
calcium-dependent mechanisms and is correlated with calcium transients in presynaptic
terminals [236]. In our model, as synchronous EPSCs are generated, synaptic facilitation
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(variable x in system 5.29) increase reflects that calcium concentration is built up in the
presynaptic terminal and as a result, it increases the vesicular release probability. Thus,
in principle, changing the extracellular calcium concentration should affect the steady
state facilitation steady state (parameter X in equation 5.29), such that X = X(Ca0

ex) +
a(Caex−Ca0

ex), where Ca0
ex is the initial extracellular calcium concentration and Caex is

the new one. To account for the extracellular calcium decay, we diminished the parameter
X (from 0.5 to a value 0.4925), which led to a reduction of the first mean duration time,
while the second burst time was not affected, in agreement with the experimental data.
In figures 1.4B-C, we show an agreement between the simulated and experimental burst
duration. Indeed, we have shown here that the duration of the first evoked burst is
predominantly controlled by synaptic facilitation, which is regulated by the extracellular
calcium concentration.
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Figure 1.5: Reduction of burst duration in hippocampal slices and facilitation-
depression synaptic model. (A) Bursts (1,2 and 3) in pyramidal cells from hippocam-
pal acute slice evoked by a single stimulation of Schaffer collaterals alternately at 5 and 35
seconds intervals, showing a reduction in burst duration when the bursts are generated in
shorter intervals. (B) Following the experimental protocol, we simulated the mean firing
rate response (equation 1), and generating bursts at similar time intervals (a, b and c) as
in the intracellular recordings. The facilitation and depression variables show the level of
neuronal activity underlying the overall dynamics. (C) Magnification of the evoked bursts
(from A1, 2 and 3) and the simulated response (B a, b and c). (D) (Up) Comparison
between experimental data and numerical simulations of bursting durations at the initial
stimulation time, 5 and 35 s intervals. (Down) Burst duration ratios of the 2nd and 3rd
to the initial burst (experimental data and numerical simulations).

1.2.4 Reverberation in larger scale neuronal network.

To confirm that bursting reverberation was not only present in small neuronal islands,
but could also be generated in integrated networks taken from brain tissue, we recorded
pyramidal cells from acute hippocampal slices. By stimulating Schaffer collaterals, we
were able to generate a burst that lasted 283.6 ± 26.9 ms (n=22) (Fig. 1.5A and table 1.2
), which matched (Fig. 1.5B-C) the numerical simulations from the depression-facilitation
model (eq. 5.29), where the new parameters are defined in Table 1.1. We compared
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in fig. 1.5D, the statistics of experimental data and numerical simulations of bursting
durations at the initial stimulation times 5 and 35 s. The model reveals the higher degree
of connectivity J and the longer depression time tr = 20s.

1.2.5 The bursting duration depends on synaptic AMPA receptors.

To confirm the synaptic origin of the reverberation, we used CNQX (AMPA receptor
antagonist, 1 µM) that eliminated the bursting reverberation (Fig. 1.6A-B) and the
recovery after 30 seconds. Thus the reverberation time involves AMPA receptors. Finally,
to confirm the role of presynaptic neurons in generating the reverberation, we directly
injected a current of 100 pA into the patched pyramidal neuron to trigger bursting, thus
bypassing presynaptic activation. This did not induce depression in burst evoked at 5 and
35 s intervals (Fig. 1.6). Hence bursting duration requires both AMPA receptor dynamics
and activation of presynaptic neurons.
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Figure 1.6: The bursting duration depends on synaptic AMPA receptors. (A)
CNQX (1 µM) eliminated the bursting reverberation. (B) Bursting duration at 0, 5, and
35 s before and after CNQX application. (*P < 0.05, compared with 0 s, Student’s paired
t-test). Ratio of bursting duration at 5 s before and after CNQX application (*P< 0.05,
compared with control, Student’s paired t-test, n=4). (C) Injection of 100 pA positive
current into the patched pyramidal neuron triggered bursting without depression in 5 and
35 s interval, confirming that the bursting duration is synaptically dependent.

1.2.6 Bursting reverberation is dependent on extracellular calcium lev-
els in large networks.

To further investigate the properties of the reverberation, we evoked a burst triggered by
a single synaptic stimulation at 5 and 35 s intervals in the presence of low extracellular
calcium (1.3 mM [Ca2+] and 2.5 mM [Mg2+]). We found a reduction in the duration of
the first burst, but not the second one, as reported in the islands of neurons (Fig. 1.7). A
similar reduction is obtained in the depression-facilitation model (Fig. 1.7 and table 1.9),
confirming that no other mechanism is implicated in the change of the burst reverberation
induced by changing the extracellular calcium concentration.



44Chapter 1. Bursting reverberation in small and large neuronal networks

1.2.7 Blocking energy metabolism of astrocytes does not affect bursting
reverberation.

Astrocytes have been proposed to contribute to postburst depression of release proba-
bility at CA3-CA1 excitatory synapses [122, 123]. Hence, we first investigated whether
astrocytes respond to the evoked neuronal bursting. We found that astrocytes display
depolarization of their membrane potential synchronously to neuronal bursting. We then
tested whether the burst long-lasting depression that we found in hippocampal slices was
due to astrocytes, by evoking bursts before and after application of the astroglial metabolic
poison FAC (fluoroacetate, 5 mM). However, neuronal bursting was unchanged by inhibi-
tion of astroglial metabolism. Hence, these data suggest that astrocytes are not directly
involved in controlling bursting reverberation.
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Figure 1.7: Calcium-dependence of reverberation bursts in large networks. (A)
Evoked burst triggered by a single stimulation of Schaffer collaterals in hippocampal slices
at 5 and 35 s intervals in the presence of low [Ca2+] solution (1.3 mM [Ca2+] and 2.5 mM
[Mg2+]). (B) Comparison of the burst durations for two different calcium concentrations,
leading to a reduction of the 1st burst duration (35 seconds interval burst) but not the
2nd burst (5 seconds interval burst), after low [Ca2+] solution application. (*P< 0.05,
compared with 0 s, Student’s paired t-test). (C) Calcium reduction is modeled by changing
the parameterX, which determines the steady state value of the facilitation variable x. (D)
First and second burst durations for value of X = 0.50 (control Table 1.1) and X = 0.4925,
which fits the burst duration variations due to calcium concentration changes observed in
A and B.
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1.3 Discussion

1.3.1 Synaptic properties shape synchronous neuronal bursting and re-
verberation time.

The physiological data obtained from small neural networks and the computational simu-
lations reveal that the bursting reverberation essentially depends on synaptic properties.
Indeed, synaptic facilitation at synapses is responsible for prolonging the network acti-
vation and it decays with a time scale of τf = 1.3 s, while with further stimulation,
synaptic depression dominates the network recovery with a decay time of the order of
τd = 2 s (culture) and τd = 20 s (slices). These parameters vary with neuron types and
for cortical neurons, the depression rate was estimated to be 10 times slower τd = 0.2 s
[142], suggesting that various neurons are characterized by specific facilitation-depression
parameters. Finally, the time course of the depression variable we have reported here
is in agreement with fluorescence imaging and electrophysiology data [16, 124]. From
the depression-facilitation synaptic properties, we found that there is an optimal network
connection, which sustains optimal burst duration (Fig. 1.3). This prediction remains
to be tested experimentally. Furthermore, synaptic facilitation seems to be triggered by
calcium dynamics, since changing the extracellular calcium concentration in both culture
and slices (Figs. 1.3 and 1.8) affected the first burst duration, but not the second one.
Using our modeling approach, we conclude that this change in external calcium alters the
steady state facilitation (X variable) in the second equation in 5.29. This internal state,
which is calcium dependent, determines the length of the first burst duration, but does
not influence the depression properties.
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Figure 1.8: Reverberation time as a function of the synaptic connectivity. (A)
Burst duration time as function of the network connectivity (parameter J) for different
values of the facilitation parameter K and (B) the depression parameter L, (other param-
eters are described in Table 1.1). We indicate the position of variable extracted for the
experimental datas, which lie close to the maximum.

1.3.2 Bursting Reverberation is an intrinsic property of sufficiently con-
nected neuronal networks.

Due to the scaling invariance of the mean field system of equations (system 5.29), we
conclude that the bursting reverberation does not depend on the size of the neuronal en-
semble, but rather on its degree of connectivity (parameter J). As predicted, we found
that the bursting reverberation occurs for large ensemble of connected neurons (slices). In
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addition, a similar model was recently used to analyze working memory behavior, which
enables the temporary holding of information in the brain for several seconds [142]. It
was suggested that calcium mediates synaptic facilitation in the recurrent connections of
neocortical networks [142], and here we confirm this property in small and larger neural
networks. Furthermore, we use the invariance by scaling of our model to infer that rever-
beration should further persist in any larger networks, possibly underlying higher brain
function.

1.3.3 The average synaptic connectivity determines the bursting rever-
beration time.

Using the present modeling, we have found that increasing synaptic strength (Fig. 1.3
and 1.9), and thus the number of functional synapses between neurons, is associated with
increasing the reverberation time. Synaptic plasticity is also associated with an increase in
synaptic strength, and thus in the mean number of connections. Hence our result suggests
that although synaptic formation might increase linearly in a long-term learning process,
the bursting window, which characterizes flash memory, is first small and the size increases
sublinearly before it reaches a maximum, where a large number of synapses are required
to observe a significant change in the bursting response time (Figs. 1.3 and 1.9).
It is also intriguing that the islands of neuronal network that we have characterized operate
in a regime close to the optimal burst response (Fig. 1.3) and it would be interesting to
determine what are the mechanisms that ensure the stability of the neural network at this
value. This can either be due to internal neuronal dynamics or maintained by the network
spontaneous activity. Furthermore, although the spontaneous activity did not contribute
much in small neurons, it could have much more consequences in larger neuronal ensemble,
leading to spontaneous up states for example.
Finally, changing the depression and facilitation properties of synapses drastically affects
the network connectivity, leading to a change in the amount of synapses associated with the
maximal burst duration. We propose that pathological synapses, where the facilitation-
depression properties are modified, will affect the neural network properties, especially
associated with a significant change in bursting duration for small neuronal ensembles and
with the optimal working memory response time for larger groups. It would be interesting
to test whether such depression-facilitation properties are modified in some brain disorders
and how it affects the burst duration.

1.4 SI1 : Analytical estimation of the reverberation time TR

We present in this section our analytical computation of the reverberation time as a
function of the synaptic connectivity J (formula 5.29). This reverberation time TR is
defined using the firing rate variable h, as the duration of the bursting activity above a
certain threshold hth, induced here by a single spike. During the reverberation period, the
firing rate remains approximatively constant in the initial phase of the response, which
allows us to partially decouple the synaptic equations (system 1 in the main text), that
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we recall now

τ ḣ = −h+ Jxyh+ τHδ(t− tstim) (1.5)

ẋ =
X − x
tf

+K(1− x)h

ẏ =
1− y
tr
− Lxyh.

The initial conditions are x = X, y = 1 and h = 0. Our goal is to estimate TR as a function
of the threshold hth.

1.4.1 Approximation procedure

During the early bursting time, we approximate equation 2 and 3 of system (5.29), by
considering h(t) ≈ H, its initial value and obtain the new approximated system

τ ḣ = −h+ Jxyh+ τHδ(t− tstim) (1.6)

ẋ =
X − x
tf

+K(1− x)H

ẏ =
1− y
tr
− LxyH.

Indeed, the firing rate h depends on the facilitation and depression variables x and y
respectively. Although this approximation can affect drastically their dynamics, later on
in the decay phase, it will not change the return to equilibrium of the firing rate h. In Fig.
1.9 , we compare system (5.29) (continuous line) and (1.6) (dashed line) for 3 different
values of synaptic weight J (not too large): while the depression and facilitation variable
are much affected, the firing rate dynamics is pretty robust.

Figure 1.9: Comparison of system of equations (5.29) (continuous line) and the
approximated system (1.6) (dashed line). We use three different values of the con-
nectivity parameter J . The firing rate h, the facilitation x and the depression y variables
are plotted as functions of time. For a low enough connectivity parameter J , the firing
rate is well approximated.
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1.4.2 Analysis of the approximated system

Because in system (1.6) the dynamics of x and y do not depend anymore on h, we can
now integrate them and obtain

h(t) = H exp
(

− t
τ

+ J

∫ t

0
x(s)y(s)ds

)

x(t) = A+B exp(−αt)

y(t) = exp (−f(t))
(

1 +
1
td

∫ t

0
exp(f(s))ds

)

, (1.7)

where

A = X

(

1 +
KH

α

)

, B = −X
(
KH

α

)

, α =
1
tf

+KH (1.8)

and

f(t) =
t

td
+ LH

∫ t

0
x(s)ds, with f(0) = 0 and f ′(0) =

1
td

+ LHX. (1.9)

Because the function f increases with the time, we further approximate
∫ t

0
exp(f(s))ds ≈

∫ t

0
exp(f(t) + f ′(t)(s− t))ds (1.10)

≈ exp(f(t))(1− exp(f ′(t)))
f ′(t)

(1.11)

leading with equation 1.7 to

y(t) = exp(−f(t)) +
1− exp

(

− ttd − tLHx(t)
)

1 + tdLHx(t)
. (1.12)

This approximation is quite robust as demonstrate by figure 1.10. Finally, using expres-
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y

Figure 1.10: Comparison between the depression variable y estimated by equa-
tion (1.12) (blue) and the exact one obtained by numerical simulation of system
(1.6) (black).

sions 1.7 and 1.12, we obtain for the firing rate h

h(t) = H exp
(

− t
τ

+ J

∫ t

0
x(s)y(s)ds

)

. (1.13)
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1.4.3 Approximation of the firing rate h

To obtain an explicit expression for the firing rate variable h, we now decompose the last
term into two parts

∫ t

0
x(s)y(s)ds =

I
︷ ︸︸ ︷
∫ t

0
x(s) exp(−f(s))ds+

II
︷ ︸︸ ︷

∫ t

0
x(s)

1− exp
(

− std − sLHx(s)
)

1 + tdLHx(s)
ds . (1.14)

The first term I is

I = A

∫ t

0
exp(−f(s))ds+B

∫ t

0
exp(−αt− f(s))ds. (1.15)

Because the term I is the sum of two integrals of decreasing functions, we use Laplace’s
method at the point 0, which is a regular. Thus using relations 1.8

A

∫ t

0
exp(−f(s))ds ≈ A

∫ t

0
exp(−f(0)− sf ′(0))ds ≈ Aexp(−f(0))(exp(−tf ′(0))− 1)

−f ′(0)

≈ A
1
td

+ LHX

[

1− exp
(

t

(
1
td

+ LHX

))]

.

Furthermore,

B

∫ t

0
exp(−αt− f(s))ds ≈ B

∫ t

0
exp(−f(0)− s(α+ f ′(0)))ds (1.16)

≈ B

α+
1
td

+ LHX

[

1− exp
(

t

(

α+
1
td

+ LHX

))]

.(1.17)

Finally,

I ≈ AFβ(t) +BFα+β(t), (1.18)

where β = 1
td

+ LHX, F0(t) = t and

Fu(t) =
1− e−ut

u
, t ∈ R, u ∈ R

∗. (1.19)

We shall now estimate II using that tdLH = 0.54 < 1 and x(t) < 1. Expanding in Taylor
series

(1 + tdLHx(t))−1 =
∞∑

k=0

(−tdLHx(t))k, (1.20)

yields

II =
∫ t

0
x(s)(1− exp(−sf ′(s)))

∞∑

k=0

(−tdLHx(s))kds (1.21)

=
∞∑

k=0

(−tdLH)k
∫ t

0
x(s)k+1(1− exp(−sf ′(s)))ds (1.22)

=
∞∑

k=0

(−tdLH)k
∫ t

0

k+1∑

i=0

(

k + 1
i

)

AiBk+1−ie−αs(k+1−i)(1− e−sf ′(s))ds, (1.23)
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where we have used equation 1.7. Finally, we obtain that

II ≈
∞∑

k=0

(−tdLH)k
k+1∑

i=0

(

k + 1
i

)

AiBk+1−i(Fα(k+1−i)(t)− Fβ+α(k+1−i)(t)) (1.24)

≈
∞∑

k=0

(−tdLH)kAk+1
k+1∑

i=0

(
B

A

)i
(

k + 1
i

)

(Fαi(t)− Fβ+αi(t)), (1.25)

where

|B
A
| =

KH
α(

1 + KH
α

) < 1. (1.26)

Summarizing the previous estimates, a power series expansion in the variable −tdLH for

∫ t

0
x(s)y(s)ds ≈ AFβ(t) +BFα+β(t) +

∞∑

k=0

(−tdLH)kAk+1
k+1∑

i=0

(
B

A

)i
(

k + 1
i

)

(Fαi(t)− Fβ+αi(t))

≈ At+BFα(t) +
∞∑

k=1

(−tdLH)kAk+1
k+1∑

i=0

(
B

A

)i
(

k + 1
i

)

(Fαi(t)− Fβ+αi(t)) (1.27)

≈ At+BFα(t) +A
∞∑

k=1

Ck
k+1∑

i=0

(
B

A

)i
(

k + 1
i

)

(Fαi(t)− Fβ+αi(t)), (1.28)

where C = −tdLHA. Reorganizing the series by changing the order of summation, we get

∫ t

0
x(s)y(s)ds ≈ At+BFα(t) +A

∞∑

i=1

∞∑

k=i

Ck
(
B

A

)i
(

k + 1
i

)

(Fαi(t)− Fβ+αi(t))

+B
∞∑

i=1

(BC)i(Fα(i+1)(t)− Fβ+α(i+1)(t)) +A(t− Fβ(t))
∞∑

i=1

Ci.(1.29)

Using the value of the parameters, the variable B and BA are small and Thus, we shall
neglect terms of order greater than 2 in order of B and BA to obtain

∫ t

0
x(s)y(s)ds ≈ At+BFα(t) +B

∞∑

k=1

(k + 1)Ck(Fα(t)− Fβ+α(t)) +
AC

1− C (t− Fβ(t))

≈ At+BFα(t) +B

(
1

(1− C)2
− 1

)

(Fα(t)− Fβ+α(t)) +
AC

1− C (t− Fβ(t)).

Finally using equation 1.13, we obtain an approximated expression for the rate h

h(t) ≈ H exp
{−t
τ

+ J

[
At

1− C +
BFα(t)

(1− C)2
− AC

1− CFβ(t)−B
(

1
(1− C)2

− 1
)

Fα+β(t)
]}

.(1.30)

1.4.4 The reverberation time satisfies a transcendental equation

We derive here a transcendental for the reverberation time TR. For that purpose, we follow
the experimental protocol where an induced spike (at time zero) sets the firing rate to a
value H. The reverberation time TR is then defined as the first time where the firing rate
reaches the threshold hth that is

TR = inf{t > 0, h(t) = hth}. (1.31)
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We can now use expression 1.30 to estimate the reverberation TR as a function of the
synaptic and network parameters:

hth = h(TR) ≈ H exp
{−TR

τ
+ J

[
ATR
1− C +

BFα(TR)
(1− C)2

− AC

1− CFβ(TR)

−B
(

1
(1− C)2

− 1
)

Fα+β(TR)
]}

. (1.32)

At this stage, we conclude that the reverberation time TR is solution of a transcendental
equation

ln
(
H

hth

)

=
(

1
τ
− JA

1− C

)

TR − J
[
BFα(TR)
(1− C)2

− AC

1− CFβ(TR)

−B
(

1
(1− C)2

− 1
)

Fα+β(TR)
]

. (1.33)

1.4.5 Analytical approximation of the reverberation time

To obtain an explicit expression for the reverberation time TR as function of J , we shall
expand the exponential terms in the transcendental equation, which can be written as

J = Φ(TR) =
TR − T0

τG(TR)
, (1.34)

where

T0 = τ ln
(
H

hth

)

(1.35)

G(t) =
A

1− C t+
BFα(t)

(1− C)2
− AC

1− CFβ(t)−B
(

1
(1− C)2

− 1
)

Fα+β(t). (1.36)

When the reverberation time TR is short enough, we can Taylor expand the function G to
second order polynomial, denoted by P (t), where

P (t) =
A

1− C t+
B(t− α2 t2)
(1− C)2

− AC

1− C (t− βt2

2
)− BC(2− C)

(1− C)2
(t− (α+ β)t2

2
)

= (A+B)t+
−αB + β

(
AC(1− C) +B

(
1− (1− C)2

))

2(1− C)2
t2

= (A+B)t+
1
2

(

−αB +
β
(−(A+B)C2 + (A+ 2B)C

)

(1− C)2

)

t2. (1.37)

Using A+B = X and αB = −XKH, we obtain that

P (t) = Xt+
1
2

(

XKH +
βC (−XC +X +B)

(1− C)2

)

t2. (1.38)

With a = tfKH and b = tdLHX, we have B = − Xa

1 + a
and C = −b

(

1 +
a

1 + a

)

. Thus,

we obtain that

P (t) = Xt+
X

2




a

tf
−
b(b+ 1)

(

1 + a
1+a

) (

b
(

1 + a
(1+a)

)

+ 1
1+a

)

td(1 + b
(

1 + a
1+a

)

)2



 t2. (1.39)
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a and b are small parameters. A final expansion of P in third order in the parameters a
and b yields

P (t) = Xt+
X

2

(

a

tf
− b

td

)

t2 (1.40)

= Xt+
XH

2
(K − LX) t2. (1.41)

Using this equation to solve (2.34), we are left with solving

JτP (TR)− TR + T0 = 0

⇔ JτXH (K − LX)
2

T 2
R + (XJτ − 1)TR + T0 = 0. (1.42)

Retaining the solution that satisfies TR = T0 = τ ln
(
H

hthresh

)

for J = 0, we finally get

TR(J) =
1− JXτ −

√

(JτX − 1)2 − 2JτXH(K − LX)τ ln
(
H
hth

)

JτXH(K − LX)
. (1.43)

In figure 1.11, we compare this expression with the exact solution: we obtain a good
agreement for J < 1.9. When J > 1.9, the reverberation time is larger than 1s. Thus, the
approximation made in equation (1.37) is not valid anymore. However, it is possible to
approximate TR linearly for J ∈ [1.9; 1.99]. Using the implicit function theorem. We can
locally invert equation (2.34) to obtain

TR(J) ≈ 1 +
τG2(1)

G(1)− (1− T0)G′(1)
(J − Φ(1)) (1.44)

With the parameters (table 1.1), we obtain that

TR(J) ≈ 25.38J − 48.36. (1.45)

We have obtained here precise estimates for the reverberation time, in the range J ∈
[0; 1.99]. This range includes the value J = 1.98, used in the model. Two regimes have to
be considered defined by the synaptic parameter J . When the network is not sufficiently
connected, the reverberation TR is slowly increasing as a function of J (equation (1.43)).
For a network sufficiently connected (J > 1.9) TR becomes linear. In figure 1.10, , we
plotted these estimates, which show good agreement with numerical simulations. Finally,
for larger values of J , an analytical expression of TR as a function of J remains to be
found.

1.5 SI2 : Tables of results
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Figure 1.11: Comparison between numerical simulations and estimates of the
reverberation time TR. The reverberation time is plotted as a function of J for the
exact model (solid line), the approximated model (dash black line), and the estimates
given by equations (1.43) (dash red line) and (1.45) (blue dash line).

Table 1.2: Burst durations in island cultures and acute slices.

Stimulation Burst Ratio with the Simulated burst Ratio with the
duration first burst duration first burst

duration duration

island cultures (n=20)
5 s 0.99 ± 0.77 s[32] 0.49 0.92 s 0.45
35 s 2.26 ± 0.75 s[32] 1 2.045 s 1

acute slices (n=22)
0 s 283.6 ± 26.9 ms 1 280 ms 1
5 s 147.8 ± 15.9 ms 0.55 125 ms 0.45
35 s 232.2 ± 24.3 ms 0.81 240 ms 0.85
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Table 1.3: Comparison of burst durations for different extracellular calcium
concentrations

Interpulse interval (s)/ Calcium Experimental Simulated
concentration(experiment)/ burst duration burst duration
facilitation steady state (model)

island cultures (n=5)
5 / 2 Ca2+/X 0.98 ± 0.38 s [32] 0.92 s
35/ 2 Ca2+/X 2.03 ± 0.98 s [32] 2.045 s
5 / 1 Ca2+/X* 0.93 ± 0.32 s [32] 0.81 s
35/ 1 Ca2+/X* 1.10 ± 0.62 s [32] 1.115 s

acute slices(n=5)
0 / 2.5 Ca2+/X 260.7 ± 44.2 ms 280 ms
5 / 2.5 Ca2+/X 123.1 ± 20.7 ms 125 ms
35/ 2.5 Ca2+/X 221.0 ± 41.5 ms 240 ms
0 / 1.3 Ca2+/X* 162.6 ± 47.6 ms 165 ms
5 / 1.3 Ca2+/X* 129.5 ± 36.4 ms 115 ms
35/ 1.3 Ca2+/X* 162.1 ± 53.3 ms 145 ms



Chapter 2

Oscillatory Peaks for the escape of
a stochastic process across a
characteristic boundary

We study the exit of a stochastic trajectory driven with small noise from an unstable limit
cycle. The basin of attraction Ω consists of a single attractor located very close to the
limit cycle. This property is associated with oscillatory peaks of the survival probability
associated with the stochastic dynamics. These peaks are mainly due to the contribution
of the complex second eigenvalue of the Fokker-Planck operator in Ω. We show that the
frequency of oscillation is the reciprocal of the imaginary part of the second eigenvalue,
which we relate to geometrical property of the vector field such as the Jacobian matrix
at the attractor. We further compute the distribution of exit points and show that there
are concentrated in a small portion of the boundary. We obtain an asymptotic expansion
of the first eigenvalue, which is of order one. This study demonstrates the non-Poissonian
nature of escape from an attractor and we show that the peaks of the escape distribution
are not due to any resonance effect but to the dynamics oscillation around the attractor
before escape. An application in neuroscience is discussed.

2.1 Introduction

The theory of escape of a stochastic dynamical system from the basin of attraction is
generic in science such as chemistry, engineering or biology where it allows computing the
rate of chemical reactions or the stability of a system to stochastic fluctuations. As the
escape time tends to infinity when the size of the noise goes to zero, obtaining asymptotic
expression for this time has been a real challenge over the past 70 years in mathematical
physics, probability and asymptotic of PDE. Indeed because the mean first passage time
and the exit distribution are solutions of elliptic PDE with Dirichlet boundary condition,
boundary layer analysis mixed with asymptotic analysis of these PDE allowed deriving
formula that relate the key parameters. Exit formulas are derived for generic field and
exit from a non characteristic boundary in dimension n, exit from characteristic boundary
in dimension 2, escape with non Gaussian noise such as colored noise ([45, 65, 67, 125,
131, 132, 182], to name a few).

We study here the escape from a two-dimensional domain Ω of the stochastic dynamics

dxε(t) = b(xε(t)) dt+
√

2εa(xε(t)) dw(t), (2.1)
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where w(t) is a Brownian motion. We focus here on the case where the boundary of the
domain Ω is a limit cycle of the deterministic dynamical system:

ẋ(t) = b(xε(t)). (2.2)

We shall study a novel situation where the field b has a single critical point A in Ω
(b(A) = 0) which is an attractor and is located very close to the boundary. This situation
arises from modeling synaptic transmission [90], and gives rise to novel phenomena such as
multiple peaks or oscillation of the distribution of escape time, leading to non-Poissonian
distribution of exit. In addition, the distribution of exit points is concentrate very closely
to the attractor. We explain here the origin of the peaks, which are due to high order
eigenvalues and a first eigenvalue that is a order 1 (and not Ωε exp(−Cε ), where Ωε, C > 0)
in the survival probability expansion.

This situation cannot be obtained from escape with a vector field that derives from
a gradient, as the boundary in that case cannot be characteristic. To study the generic
case, we use in section 1 the normal form of the Hopf dynamical system. In section 2,
we obtain an approximation of the mean first passage time equation and the exit point
distribution. this allows us to estimate the fist eigenvalue. In section 3, we derive an
analytical expression for the higher order eigenvalues and relate the frequency of the
peaks in the distribution of escape time to the imaginary part of eigenvalue for the linear
part of the field b at the attractor. In the final section, by using Brownian simulations,
we show that the distribution of exit time can be well approximated by the sum of two
first exponentials. We further show that the oscillatory peaks are significant only when
the attractor is located at a certain distance from the boundary, which depends on the
noise intensity ε.

2.2 Generic vector fields with an imaginary critical point
arbitrarily close to the boundary

We consider the class of vector field with an attractor point close to the boundary. The
jacobian matrix at this point has non null imaginary eigenvalues. In dimension two, we
start inside the disk D(1) of radius 1 with the normal form of the Hopf dynamical system,
which can be written in complex coordinates z = x+ iy as

ż = b0(z) = λz(−1 + |z|2 + iω), (2.3)

where λ > 0 and ω ∈ R (in the rest of the manuscript, we will assume λ = 1). The field
b0 has an attractor at zero and the circle |z| = 1 is an unstable limit cycle. To obtain a
dynamical system with an attractor arbitrarily close to the limit cycle, we use the Mobius
transformation

Φα(z) =
z − α
1− αz , 0 < α < 1, (2.4)

where −α ∈] − 1, 0]. We obtain a class of one parameter vector field bα conjugated to
b0 by the mapping Φα. The Mobius transformation sends the attractor 0 to the point
Pα = −α, which can be arbitrarily close to the boundary point z = −1. Moreover, the
characteristic boundary |z| = 1 is preserved. The mapping is represented in figure 1. The
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Figure 2.1: Constructing the generic vector field with an attractor arbitrarily
close to the boundary of the domain of attraction. Hopf vector field (Left) and its
conjugated (Right) using a Mobius transformation.

expression of the field is

bα(z) = Φ
′

α(Φ
−1
α (z))b0(Φ−1

α (z))

=
(1− α2)Φ−1

α (z)(−1 + |Φ−1
α (z)|2 + i)

(1− αΦ−1
α (z))2

(2.5)

= λ
(z + α)(1 + αz)

(1− α2)

(

−1 +
∣
∣
∣
∣

z + α

1 + αz

∣
∣
∣
∣

2

+ iω

)

.

We study the exit time from the unit disk of the stochastic dynamics

dxε = bα(xε) dt+
√

2εa(xε) dw, (2.6)

where w(t) is a two dimensional Brownian motion. Brownian simulations of equation (2.6)
(fig. 2.2a) reveal that starting from any initial point in Ω except in a boundary layer of the
limit circle |z| = 1, all trajectories first converge towards the attractor Pα. For a certain
range of the noise intensity because the field vanishes in a region near the attractor, the
noise contribution may become dominant leading to exit in a short time (compared to ε).
The trajectory either exits or loops around the attractor, before coming back close to a
neighborhood Rα of the attractor We show in fig. 2.2b-e various examples of trajectories
that are making 0,1,2 and 3 loops before exit. Interestingly, contrary to the classical exit
time problem (see [42, 45, 65, 67, 125, 131] and many others references), the exit time
distribution that we obtained from empirical Brownian simulations show periodic peaks
(fig. 3). our goal in this manuscript is to analyze these peaks and to relate their frequency
to the properties of the dynamical system bα. Indeed most trajectories loop around the
attractor before exit suggesting that the period of the peaks for the exit time distribution
should be proportional to the mean looping time. Thus contrary to the classical exit
problem, where the first eigenvalue of the Fokker-Planck operator characterizes the escape
and is precisely the mean exit time, here it is not sufficient and we need to use the higher
order non real eigenvalues. Before computing them, we shall show in the next section that
the distribution of exit points is concentrated on a small region of the boundary ∂Ω∩Rα.
We also estimate the mean exit time τ̄ε to show that it can become finite as α goes to one,
and not necessarily exponentially small as in the classical exit.
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Figure 2.2: Exit from an attractor located close to the characteristic boundary.
The attractor has two imaginary eigenvalues leading to an oscillatory behavior of the
stochastic trajectories before exit (parameters: α = 0.9, ε = 0.005, ω = 20). (A) example
of a trajectory. (B-E): trajectory making zero, one, two and three loops respectively around
the attractor before exit. (F):Histogram of exit time (number of runs 200000, starting at
the initial point (-0.8,0)).

2.3 Distribution of exit points and mean first passage time

2.3.1 Classical theory

The exit time distribution can be expressed in terms of the transition probability density
function (pdf) pε(y, t |x) of the trajectories xε(t) from x ∈ D to y ∈ D in time t. The
pdf is the solution of the Fokker-Planck equation

∂pε(y, t |x)
∂t

= Lyp(y, t |x) for x,y ∈ D

pε(y, t |x) = 0 for x ∈ ∂D, y ∈ D, t > 0

pε(y, 0 |x) = δ(y − x) for x,y ∈ D
where the Fokker-Planck operator Ly is given by

Lyu(y) = ε
2∑

i,j=1

∂2
[
σi,j (y)u(y)

]

∂yi∂yj
−

2∑

i=1

∂
[
bi (y)u(y)

]

∂yi
(2.7)

and σ(x) = a(x)aT (x), which is assumed to be a non singular matrix in Ω̄. The adjoint
is defined by

L∗xv(x) = ε
2∑

i,j=1

σi,j (x)
∂2v(x)
∂xi∂xj

+
2∑

i=1

bi (x)
∂v(x)
∂xi

. (2.8)
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The survival probability Prsurv(t) of xε(t) in Ω, averaged with respect to an initial distri-
bution p0, is the probability Pr{t < τε} that the trajectory is still inside the domain at
time t, where

τε = inf{t > 0|xε(t) ∈ ∂D} (2.9)

This probability can be obtained from the transition probability density function pε(y, t |x)
of the trajectories xε(t) as

Prsurv(t) =
∫

D

Pr{t < τε |x}p0(x) dx =
∫

D

∫

D

pε(y, t |x)p0(x) dy dx. (2.10)

The Fokker-Planck equation for the stationary pdf pε(y|x) with a source at x is

L(pε(y|x)) = δ(y − x) (2.11)

with the absorbing condition

pε(y|x) = 0 for y ∈ ∂Ω,x ∈ Ω. (2.12)

Eq. 2.11 can also be written as the conservation law

∇y · J(y|x) = δ(y − x) (2.13)

J i(y |x) = ε
d∑

j=1

∂
[
σi,j(y)pε(y |x)

]

∂yj
− ai(y)pε(y |x). (2.14)

It has been shown in [182] (Chapter 6) that the exit density at a point y ∈ ∂D on the
boundary of the trajectories of (2.6) that start at a point x ∈ Ω is given by

Pr {xε(τ) ∈ y + dSy, |xε(0) = x} = J(y |x) · ν(y)dSy, (2.15)

where ν(y) is the unit outer normal vector at the boundary point y. The mean first
passage time τ̄ε(x) starting from a point x is the solution of the Pontryagin-Andronov-
Vitt boundary value problem

L∗τ̄(x) = − 1 for x ∈ D (2.16)

τ̄(x) = 0 for x ∈ ∂D. (2.17)

It is also given by ([182]) by

τ̄ε(x) =
∫

D

pε(y | x)dy (2.18)

2.3.2 Explicit computation of the exit distribution and time

The general solution of the exit distribution and MFPT has been computed asymptotically
for escape across a characteristic boundary [132, 182], but not when the internal attractor
is in the boundary layer of the limit cycle. After recalling the generic formulas, we will
apply them to obtain the asymptotic expressions for the exit distribution and the MFPT.
We recall that near the boundary ∂Ω, the local coordinates are (θ, ρ), where θ is the
arclength on ∂Ω and ρ the signed distance from ∂Ω, measured positively into Ω. Because
the limit cycle is the unit circle, θ is the angle of position z and consider that θ ∈ [−π, π]. In
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a neighborhood of the limit cycle, using expression 2.5, the vector field bα is (see appendix
2.7)

bα(ρ, θ) = −ρ(b0
α(θ) +O(ρ2))n+ b∗α(ρ, θ)t for ρ ≈ 1 (2.19)

where t (resp. n ) is the unit tangent (resp. unit outer normal) to ∂Ω. The two components
b0
α(θ) and b∗α(ρ, θ) are given by

b0
α(θ) =

2(1− α2 − ωα sin(θ))
1− α2

+O(ρ), (2.20)

Bα(θ) = b∗α(0, θ) = |b(0, θ)| = ω

1− α2
(1 + 2α cos(θ) + α2) +O(ρ). (2.21)

The probability density Pα of exit points on the boundary can be computed in terms of
the characteristic of the stochastic dynamics. Using the S-periodic solution ξα(s) of the
Bernoulli equation

−σ(θ)ξ3
α(θ) + [b0

α(θ)]ξα(θ) +Bα(θ)ξ′α(θ) = 0, (2.22)

and σ(θ) = σ(0, θ)n(0, θ) · n(0, θ), the pdf of exit points is [132]

Pα(θ) =

ξ2
α(θ)σ(θ)
Bα(θ)

∫ 2π

0

ξ2
α(s)σ(s)
Bα(s)

ds

. (2.23)

Estimating the density of exit points Pα

We propose to derive an explicitly expression of Pα and we will show that it is concentration
in small part of the boundary near the critical point that we call the effective absorbing
escaping region ∂Ωe. This result explains that the escape time is quantified: once a
trajectory has missed the possibility to escape, it has to go around the attractor as it
cannot escape anywhere outside ∂Ωe. Thus the time to escape is exactly related to the
time to loop that we shall study in the last section.

We start with the definition of Zα(θ) =
1

ξ2
α(θ)σ(θ)

solution of

Z ′α(θ)−
2b0
α(θ)

Bα(θ)
Zα(θ) = − 2

Bα(θ)
. (2.24)

A direct integration for σ(s) = 1 (isotropic case) gives

Zα(θ) = exp(2(Fα(θ))

(

Kα −
∫ θ

−π

2
Bα(t)

exp(−2Fα(t))dt

)

, (2.25)

where Kα is defined by the periodic condition Zα(−π) = Zα(π), and Fα(θ) is given by

Fα(θ) =
∫ θ

−π

b0
α(s)
Bα(s)

ds =
∫ θ

−π

2(1− α2 − ωα sin s)
ω(1 + 2α cos(s) + α2)

ds

=
∫ θ

−π

−2α sin sds
1 + 2α cos s+ α2

+
∫ θ

−π

2(1− α2)ds
ω(1 + 2α cos s+ α2)

= ln

(

1 + 2α cos θ + α2

(1− α)2

)

+
∫ θ

−π

2(1− α2)ds
ω(1 + 2α cos s+ α2)

(2.26)
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Using the change of variables u = tan(s/2) in the right part of eq. 2.26, we obtain that

Fα(θ) = ln

(

1 + 2α cos θ + α2

(1− α)2

)

+
4(1− α2)

ω

∫ tan θ/2

−∞

du

(1 + u2)
(

1 + 2α
(

1−u2

1+u2

)

+ α2
)

= ln

[

1 + β2 tan2(θ/2)
β2(1 + tan2(θ/2))

]

+
4
ω

[

arctan
(

β tan
θ

2

)

+
π

2

]

= F̃β(θ), (2.27)

where β = 1−α
1+α . Thus, we can write

Zα(θ) = exp(2(Fα(θ))

(

Kα −
∫ θ

−π

2
Bα(t)

exp(−2Fα(t))dt

)

(2.28)

=

(

1 + β2 tan2 (θ/2)
1 + tan2(θ/2)

)2

exp
[

8
ω

arctan
(

β tan
(
θ

2

))]

(Cβ − Iβ(θ)) = Z̃β(θ),

where Cβ is constant and Iβ(θ) is given by

Iβ(θ) =
2e4π/ω

β4

∫ θ

−π

exp(−2Fα(t))
Bα(t)

dt (2.29)

=
2β
ω

∫ θ

−π

exp
(
−8
ω arctan

(
β tan t2

)) (
1 + tan2 t

2

)3

(1 + β2 tan2 t
2)3

dt. (2.30)

Using the periodic condition Z̃β(π) = Z̃β(−π), we obtain

Cβ =
Iβ(π)

1− e−8π
ω

. (2.31)

To compute Iβ(θ) from eq. 2.30, we use the change of variables β tan(t/2) = tan(u) thus

Iβ(θ) =
4
ω

∫ gβ(θ)

−π
2

e−8u/ω
(

1 + tan2 u
β2

)

(1 + tan2 u)2
du =

4
ωβ4

∫ gβ(θ)

−π
2

e−8u/ω(β2 cos2 u+ sin2 u)2du,

where gβ(θ) = arctan (β tan (θ/2)). Since β = 1−α
1+α ≪ 1, we use the approximation

β2 cos2 u+ sin2 u = sin2 u+O(β2). Hence,

Iβ(θ) =
4
ωβ4

(
∫ gβ(θ)

−π
2

e−8u/ω sin4 udu+O(β2)

)

. (2.32)

Using that
∫
eax cos bxdx = eax(a cos bx+b sin bx)

b2+a2 , we obtain that

Iβ(θ) = 1
2ωβ4 (e−8gβ(θ)/ωJ(2gβ(θ))− e−4π/ωJ(−π) +O(β2)), (2.33)

where

J(x) =
−3ω

8
+ 2
− 4
ω cosx+ sin x
1 + (4/ω)2

+
− 4
ω cos 2x+ 2 sin 2x

(4 + (4/ω)2)
> 0. (2.34)

For x = ±π, we obtain the leading order term

J(−π) = J(π) = A, (2.35)
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where A = −3ω
8 + 8/ω

1+(4/ω)2 − 4/ω
4+(4/ω)2)

and Iβ(π) = A(e−4π/ω−e4π/ω)
ω . Using equation 2.31,

we get

Cβ − Iβ(θ) =
1

2ωβ4

[

A(e−4π/ω − e4π/ω)
ω(1− e−8π/ω)

− J(2gβ(θ)) +
Ae4π/ω

ω

]

=
−e−8gβ(θ)/ω

2ωβ4
J(2gβ(θ)). (2.36)

Gathering the results presented above, we obtain an analytical expression for the distri-
bution of exit time given Pα(θ) in eq. 2.23. Using eqs. 2.28 and 2.36, we obtain

Pα(θ) = Nα
ξ2
α(θ)σ(θ)
Bα(θ)

= Nα
1

Zα(θ)Bα(θ)
= 2Nα

(

1 + β2 tan2(θ/2)
1 + tan2(θ/2)

)−3

J(2gβ(θ))−1β5(2.37)

where

N−1
α =

∫ π

−π

ξ2
α(θ)σ(θ)
Bα(θ)

dθ.

We obtain the following asymptotic behavior: Pα(θ)∼θ→±πβ−6 >> 1, while the density
remains bounded outside a neighborhood of these points, as the function J is bounded
independently of β. Thus, neglecting the variation in J, we obtain that the leading order
term for the distribution of exit point Pα is given by

Pα(θ) =
(
1 + 2α cos θ + α2

)−3

∫ π
−π (1 + 2α cos s+ α2)−3 ds

, (2.38)

where a Maple computation gives
∫ π

−π

(

1 + 2α cos s+ α2
)−3

ds ∼ 2π
(
α4 + 4α2 + 1

)

(1− α2)5 . (2.39)

In figure 2.3, we compare the analytical formula (5.24) with Brownian simulations. We
conclude that the exit distribution is concentrated near the point θ = π, which is the
closest boundary point from the attractor x0.

Estimating the mean first passage time τ̄ε

We now estimate the mean first passage time τ̄ε of the stochastic process xε(t) to the
absorbing boundary ∂Ω. The asymptotic expression for τ̄(P ) starting at a point P has
been computed in [132] and in section 10.2.8 [182]. It is given by

τ̄(P ) ∼ π3/2
√

2εdetQ
∫ S

0
K0(s)ξ(s) ds

exp

{

ψ̂

ε

}

, (2.40)

where the function ξ(s) is defined above and

K0(s) =
ξ(s)
Bα(s)

(2.41)

(see p. 376 [182]). ψ(x) is the solution of the eikonal equation

σ(x)∇ψ(x) · ∇ψ(x) + b(x) · ∇ψ(x) = 0 for x ∈ D. (2.42)
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Figure 2.3: Distribution of exit points.(Left): Exit points are concentrated in a small
neighborhood of π at the boundary close the attractor Pα. (Right) : We compare the em-
pirical distribution of exit points as a function of the angle θ with the analytical expression
2.37. The parameters are α = −0.9, ω = 10, ε = 0.005. Number of runs = 50000.

The local solution near the attractor 0 is

ψ(x) =
1
2
xTQx+ o(|x|2) for x→ 0, (2.43)

where Q is the solution of the Riccati equation

2Qσ(0)Q+QA+ATQ = 0. (2.44)

A is the jacobian matrix of the field b at the stable point. The Eikonal function ψ(x) is
constant on ∂D and has the local expansion

ψ(ρ, s) = ψ̂ +
1
2
ρ2φ(s) + o(ρ2) for ρ→ 0, (2.45)

where φ(s) is the S-periodic solution of the Bernoulli equation

σ(s)φ2(s) + a0(s)φ(s) +
1
2
B(s)φ′(s) = 0 (2.46)

and ψ̂ is the value of ψ on the limit cycle. In the case at hand, we shall estimate the MFPT
when the attractor point Pα tends to the boundary as α→ 0. We have here σ(x) = Id(x),
b(x) = bα(x), a0(s) = b0

α(θ) and B(s) = Bα(θ). The solution φ of equation 2.46 is linked
to the solution ξ(s) of equation 2.22 by

√

−φ(s) = ξ(s). (2.47)

The expression for the MFPT of the process xε(t) is given by

τ̄(Pα) ∼ π3/2
√

2εdetQα
∫ 2π

0
Kα(s)ξα(s) ds

exp

{

ψ̂α
ε

}

, (2.48)

where the local solution for Eikonal equation near the attractor Pα is

ψα(x) =
1
2

(x− Pα)TQα(x− Pα)) + o(|x− Pα|2) for x→ 0. (2.49)
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Our goal is now to obtain an explicit expression for τ̄(Pα) and thus to compute ψ̂α and
ξα. We start with finding the matrix Qα solution of

2Qασ(Pα)Qα +QαAα +ATαQα = 0, (2.50)

where Aα is the jacobian matrix of bα at the attractor Pα. Using expression 2.5 for the
field, we obtain that (Appendix 2)

Aα =

(

−1 −ω
ω −1

)

. (2.51)

The Riccati equation 2.50 reduces to

AαXα +XTαAα
T = −I, (2.52)

and Xα =
1
2
Qα
−1 satisfies

X =
∫ ∞

0
eAαteAα

T
tdt. (2.53)

Using that (Appendix 2), we obtain

exp tAα = e−t
(

cosωt − sinωt
sinωt cosωt

)

. (2.54)

Integrating equation (8.3) yields

Xα =
1
2
I, Qα = I and detQ = 1. (2.55)

When α is close to 1, using relation 2.49 for x = −1, we get

ψ̂α = ψα(−1) =
1
2

(1− α)2. (2.56)

Finally, using integral relation with the normalization condition 2.39
∫ 2π

0
Kα(s)ξα(s)ds =

∫ 2π

0

ξ2
α(s)

Bα(s)ds
=

2π
(
α4 + 4α2 + 1

)

(1− α2)5 . (2.57)

Summarizing eqs. 2.37, 2.39, 2.55 and 2.57, we obtain that the MFPT is

τ̄(Pα) ∼ C(ω)
√

2πε(1 + α)2

4(1 + 4α2 + α4)
exp

{

ψ̂α
ε

}

, (2.58)

where C(ω) = 3ω
8 −

8/ω
1+(4/ω)2 + 4/ω

4+(4/ω)2)
. When α is close to 1, with eq. 2.56, we obtain

the asymptotic formula

τ̄(Pα) ∼ C(ω)
√

2πε
6

exp

{

(1− α)2

2ε

}

. (2.59)

Formula 2.59 shows that when the ratio (1−α)2

2ε is of order 1, the exit time is also of order
1 and is not anymore exponentially long with ε as in the classical escape problem. Indeed,
when the attractor is located near the boundary, the trajectory drifts quickly and leaves
the interior region of the domain. When it is then located close enough to the boundary,
a small noise is sufficient to push it across the unstable cycle.
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2.4 The pdf of FPT and the eigenvalues of the Fokker Planck
operator

2.4.1 The exit time distribution

The exit time distribution fetd is the time derivative of survival probability 6.6 and is
given by

fetd(t) =
d

dt
Pr{τ ≤ t} = − d

dt
Prsurvival(t) =

∮

∂D

J(y, t | x) · ν(y)p0(x) dSydx (2.60)

where p0 is the initial distribution. we shall see here that contrary to the classical escape
where the attractor point is far away from the boundary fetd is not simply characterized by
the first eigenvalue, but also by the second eigenvalue which is not real. We will relate the
imaginary part of the second eigenvalue, which defines the period of the peak in the exit
time distribution to the the drift term at the critical point Pα.The exit time distribution
can be computed from the expansion of the FPE solution in the eigenfunction basis. For
a non-selfadjoint operator, we have

pε(y, t |x) = e−λ0tφ0(y)ψ0(x) +
∑

n,m

e−λn,mtφn,m(y)ψ̄n,m(x), (2.61)

where λ0 is the real-valued principal eigenvalue and u0, v0 are the corresponding positive
eigenfunctions. The forward and backward Fokker-PLanck operators Ly and L∗x have the
same eigenvalues λn,m, and the eigenfunctions φn,m(y) of Ly and ψn,m(x) of L∗x form a
bi-orthonormal base. For p0(x) = 1

|Ω| , we obtain

fetd(t) = C0e
−λ0t +

∑

n,m

Re(Cn,me−λn,mt), (2.62)

The first eigenvalue λ0t is real and positive from the Krein-Rutman theorem and it is the
reciprocal of the MFPT that we previously computed (Eq. 2.58). However, the other
eigenvalues are not real. We obtained in [92] the exact expression of the eigenvalues λn,m
for any two-dimensional dynamical system that satisfies the assumptions we have been
working with so far. The general expression for the second eigenvalue is

λ1,0(ε) = 2ω1 + iω2 +O(ε) (2.63)

λ̄1,0(ε) = 2ω1 − iω2 +O(ε) (2.64)

where

ω2 =
2π

∫ S

0

ds

B(s)

, ω1 =
ω2

π

∫ S

0

σ(s)ξ2(s)
B(s)

ds. (2.65)

These expressions are valid for any position of the attractor inside the domain Ω, which
also apply when the attractor is located in the boundary layer of the limit cycle. We shall
now compute explicitly ω1 and ω2. For that purpose, we will use the conformal mapping
w = Ψα(z) = Φ−1

α (z) to transform the eigenvalue problem

L∗xφ(x) = ε
2∑

i,j=1

σi,j (x)
∂2φ(x)
∂xi∂xj

+
2∑

i=1

biα (x)
∂φ(x)
∂xi

= −λφ(x) (2.66)
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for σi,j = δi,j with φ̃(w) = φ(z). We have

Ψ′α(z) =
1− α2

(1 + αz)2
=

(1− αw)2

1− α2
(2.67)

and

|Ψ′α(z)|2 =
1− α2

(1 + αz)2
=
|1− αw|4
(1− α2)2

. (2.68)

The Laplacian operator becomes

∆φ(z)) = |Ψ′α(Ψ−1
α (w))|2∆φ̃(w) (2.69)

and finally

2∑

i=1

biα (z)
∂φ(z)
∂xi

=
2∑

i=1

[Φ
′

α(Φ
−1
α (w))b0(Φ−1

α (w))]i (z)
∂φ(z)
∂xi

(2.70)

=
2∑

i=1

[b0(w)]i (z)
∂φ̃(w)
∂x̃i

(2.71)

where w = x̃+ iỹ = Reßθ̃. Thus,

L̃∗x(φ̃(w)) = ε
|1− αw|4
(1− α2)2

∆φ̃(w) +
2∑

i=1

bi0 (w)
∂φ̃(w)
∂xi

= −λφ̃(w) (2.72)

φ̃(w) = 0 for w ∈ ∂Ω (2.73)

where ∂Ω is the unit circle. This situation corresponds to the exit from a limit cycle where
the focus is at the center of the disk. The components of the field b0 near the limit cycle
are given in Eq. 2.92 by

B(θ) = ω (2.74)

b0
0(θ) = 2. (2.75)

Interestingly, using the expression of the second eigenvalue, we obtain that

ω2 =
2π

∫ S

0

ds

B(s)

= ω. (2.76)

We conclude with the following statement:

Theorem 1 (Peak Oscillation). The distribution of exit time given by relation 2.60 as-
sociated to the stochastic process xε(t) Eq. 2.1 has discernable periodic peaks when the
attractor point is located at a distance 1−α2

ε ∼ 1 from the boundary, which consists of
an unstable limit cycle. Moreover the period T of the peaks is T = 2π

ω , where ω is the
imaginary part of the eigenvalue of the Jacobian matrix of the field bα at the critical point
Pα. The distribution of the peaks is thus independent of the noise.

To compute the real part ω1, we use the solution of the Bernouilli equation. Indeed,

ω1 =
ω2

π

∫ S

0

σα(s)ξ2
α(s)

B(s)
ds. (2.77)
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where

σα(s) = ε
|1− αeis|4
(1− α2)2

= ηfα(s), (2.78)

where η = ε 1
(1−α2)2 , fα(s) = |1−αeis|4 and ξα is the periodic solution (equation 2.22 after

the conformal mapping) of

−σα(θ)ξ3
α(θ) + 2λξα(θ) + λωξ′α(θ) = 0, (2.79)

Using the change of variable Z(s) =
1

ξ2
α(s)

, we obtain

Z ′(s)− 4
ω
Z(s) = − 2

ω
σα(s), (2.80)

the solution of which is

1
ξ2
α(s)

= Zα(s) = Cα exp(
4
ω
s)−

∫ s

0

2
ω
σα(u) exp(

4
ω

(s− u))du, (2.81)

Cα is constant. Using the 2π-periodic properties, we obtain that

Cα =
exp( 8

ωπ)

exp( 8
ωπ)− 1

2
ω

∫ 2π

0
σα(u) exp(− 4

ω
u)du =

2
ω

exp( 8
ωπ)

exp( 8
ωπ)− 1

∫ 2π

0
ηfα(u) exp(− 4

ω
u)du(2.82)

Finally,

ω1 =
ω2

π

∫ 2π

0

σα(s)ξ2
α(s)

B(s)
ds =

ω

π

∫ 2π

0

σα(s)ξ2
α(s)

ω
ds (2.83)

=
1
π

∫ 2π

0

ηfα(s)
Cα exp( 4

ωs)− 2
ω

∫ s
0 ηfα(u) exp( 4

ω (s− u))du
,(2.84)

Thus the real part ω1 is independent of the ratio η and is given by

ω1(α) =
ω

π

∫ 2π

0

fα(s) exp(− 4
ωs)

exp( 8
ω
π)

exp( 8
ω
π)−1

∫ 2π
0 fα(u) exp(− 4

ωu)du− ∫ s0 fα(u) exp(− 4
ωu)du

ds. (2.85)

A direct integration gives

ω1(α) = − ω

2π

[

log

(

exp( 8
ωπ)

exp( 8
ωπ)− 1

∫ 2π

0
fα(u) exp(− 4

ω
u)du−

∫ s

0
fα(u) exp(− 4

ω
u)du

)]2π

0

.(2.86)

ω1(α) =
ω

2π
log

(

exp
(

8
ω
π

))

= 4, (2.87)

which is surprisingly independent of α and ω.
To conclude, we found quite surprising that the second eigenvalue does not depends

on α and its real part is the constant 4. It would certainly be very interesting to study
the effect on the spectrum of changing locally the dynamical system. For example what
is the consequence of a radial component that vanishes at order larger than one or what
happens when the field restricted to the unstable limit cycle has zeros.



68 Chapter 2. Oscillatory Peaks for the escape of a stochastic process

2.5 Computational results

To evaluate the accuracy of the theory developed above, we run Brownian simulations of
the stochastic process 2.6 and compare the statistic of exits with our analytical expressions.
The distribution of exit time shows oscillation peaks (Fig. 2.2) for specific value of the
parameter α. Moreover the distribution of exit points is concentrated on a small region of
the boundary located near the attractor x0 (Fig. 2.3),

2.5.1 The two first eigenvalues are enough to account for the exit time
distribution

Here we show that the distribution of exit time can be well approximated with the first
two exponentials. We start with the exact expansion from 2.60

fetd(t) = C0e
−λ0t +

∑

n,m

Re(Cn,me−λn,mt). (2.88)

We approximate the distribution of exit time obtained by Brownian simulation with the
sum of the first two terms

f̃etd(t) = C0e
−λ0t + C1e

−ω1t cos(ω2t+ φ), (2.89)

where λ0, λ1 are the first and second eigenvalue respectively and C0, C1, φ are three con-
stants. The peak oscillation are well approximated (Figure 2.4) and the frequencies ob-
tained by numerical simulations and analytically are in good agreements. Indeed, we
use parameters are ω = 20 and found that it corresponds to the numerical parameter
k5 = 20.5. Approximating the first eigenvalue the reciprocal of the MFPT 1

τα
and using

formula (2.58), we obtain 1
τα

= 1.57 while the approximation (2.59) gives 1
τα

= 1.66 and
the best fit approximation gives k2 = 1.402. Finally, we found also a good agreement
with the first real part of the second eigenvalue, with is ω = 4, while we obtain for its
approximation ω̃ = k4 = 4.
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Figure 2.4: Histogram of exit time (A) and its approximation (B). We
fit the histogram obtained in figure 2-f with the function y(t) = k1 exp(−k2t) +
k3 exp(−k4t) cos(k5(t − k6)). We obtain k1 = 5032, k2 = 1.402, k3 = 7407, k4 = 4.042,
k5 = 20.944, k6 = 0.45.
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2.5.2 There are various regimes of exit that depend on the noise ampli-
tude

When the attractor is located inside the domain, the classical escape theory applied [131,
65] and the first eigenvalue characterize the escape process. However here by changing the
ratio η = ǫ

(1−α2)2 three different regimes emerges:

1. For η ≪ 1, the small noise dominates and the attractor is located inside the domain
and outside the boundary layer. This situation is the classical escape of a stochastic
process from an attractor where the first eigenvalue dominates. The distribution of
exit time becomes quickly exponential except for short events (Fig. 2.5a).

2. The second regime is obtained for η = ǫ
(1−α2)2 ≈ 1. There are oscillatory peaks as

described in this manuscript, see also Fig. 2.5b.

3. Finally, η ≫ 1 corresponds to s large noise regime, characterized by a short escape
time. Most trajectories are first drifting toward the attractor located close to the
boundary and later on the noise push them outside the domain Ω (Fig. 2.5c).
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Figure 2.5: Resonance occurs at a certain distance between the stable point and
the limit cycle. We plot the histogram of exit time for different values of α = 0.95 (a),
0.9 (b) and 0.85 (c) (nb of simulations = 250000, starting point = (-0.8,0)). When the
stable point is too far from the limit cycle (left), peaks corresponding with the number
of turns of the trajectories cannot be observed. As the stable point gets closer, the peaks
appear (middle), until all trajectories concentrate in the first peak (right).

2.6 Conclusion and discussion

We presented here a novel phenomena for the distribution of exit time associated to a
class of exit problems of stochastic processes from the boundary of a domain in dimension
2. This class is characterized by the location of the attractor inside the boundary layer
of the basin of attraction. This geographical position is a key ingredient generating peaks
in the exit time distribution. In addition, we computed here explicitly the frequency of
the peak, which depends on the local behavior of the deterministic dynamical system near
the attractor. As α goes to one, the first eigenvalue becomes of order 1, but the second
eigenvalue is of order one and does not change. For small ǫ and an attractor located far
away from the boundary layer, the oscillatory peaks has thus completely hidden by the
fast decay of the first eigenvalue. The results presented here should have also an equivalent
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in higher dimensions, larger than 3, although the complexity of the dynamics will reveal
additional novel features.

Many physical and biological escape phenomena fall into the class of exit problem we
presented here. Our first motivation was the residence time of the membrane voltage
of neurons into an Upstate [6, 77]. An upstate has been characterized as the basin of
attraction of an point attractor, the boundary of which is an unstable limit cycle. The
underlying deterministic dynamics is a Hopf dynamical system for the two variables which
are the mean field and mean depression[90]. The present approach shows that the non-
Poissonian origin of the time spent in the Up-state is precisely due the peak oscillation and
the associated stochastic process falls into the class described here. The quantification of
the time spent in the Up state is thus the oscillatory peak and is eventually an intrinsic
properties of synaptic dynamics.
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2.7 Appendix 1

Analytical expression of the field near the limit cycle: bα is the deterministic flow

bα(z) =
(z + α)(1 + αz)

(1− α2)

(

−1 +
∣
∣
∣
∣

z + α

1 + αz

∣
∣
∣
∣

2

+ iω

)

. (2.90)

We express bα in polar coordinates (br, bθ) = (Re(bαe−iθ), Im(bαe−iθ)). With z = reiθ,
we get from (2.90)

bα(r, θ)e−iθ =
(reiθ + α)(1 + αreiθ)re−iθ

1− α2



−1 +

∣
∣
∣
∣
∣

reiθ + α

1 + αreiθ

∣
∣
∣
∣
∣

2

+ iω





=
r2 + αr3eiθ + αre−iθ + α2r2

1− α2

(

−1 +
(r cos θ + α)2 + r2 sin2 θ

(αr cos θ + 1)2 + α2r2 sin2 θ
+ iω

)

=
r

1− α2
(r(1 + αr cos θ + α2) + α cos θ + iα sin θ(r2 − 1))

×
(

(α2 − 1)(r + 1)(r − 1)
α2r2 + 2αr cos θ + 1

+ iω

)

.

Thus we obtain

br =
r(1− r2)
1− α2

[

(1− α2)(r(1 + α2) + α cos θ(r2 + 1))
α2r2 + 2αr cos θ + 1

+ ωα sin θ

]

(2.91)

bθ =
r

1− α2

[

α sin θ(r2 − 1)2(α2 − 1)
α2r2 + 2αr cos θ + 1

+ ω(r(1 + α2) + α cos θ(r2 + 1))

]

. (2.92)

We expand br and bθ for r ≈ 1

br = 2(1− r)
(

1 +
ωα

1− α2
sin θ

)

+ o(1− r) (2.93)

bθ =
ω(1 + α2 + 2α cos θ)

1− α2
− (1− r)2ω(1 + α2 + 2α cos θ)

1− α2
+ o(1− r). (2.94)

2.8 Appendix 2

We compute Aα the jacobian matrix of bα at the attractor (−α, 0) and exp tAα, for t ∈ R.
To compute Aα, we first write bα in cartesian coordinates

bα(z) =
(z + α)(1 + αz)

(1− α2)

(

−1 +
∣
∣
∣
∣

z + α

1 + αz

∣
∣
∣
∣

2

+ iω

)

. (2.95)

Using R(x) = (x+ α)(1 + αx), S(x) = 1 + 2αx+ α2 and T (x, y) = (1 + αx)2 + α2y2, we
obtain that

bα1(x, y) =
(
R(x)− y2α

) (
y2 + x2 − 1

)

T (x, y)
− yS(x)w

(1− α2)
(2.96)

bα2(x, y) =
yS(x)(x2 + y2 − 1)

T (x, y)
+
ω(R(x)− αy2)

1− α2
(2.97)
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At the attractor point Pα, we have R(−α) = 0 and y = 0. Thus the Jacobian matrix
reduces to

Aα = Jacbα(−α, 0) (2.98)

=








R′(−α)(α2 − 1)
T (−α, 0)

−ωS(−α)
1− α2

ωR′(−α)
1− α2

S(−α)(α2 − 1)
T (−α, 0)








(2.99)

=

(

−1 −ω
ω −1

)

. (2.100)

Aα is diagonalizable and its eigenvalues are

λ1 = −1 + iω (2.101)

λ2 = −1− iω, (2.102)

from which we get that

exp tAα = e−t
(

cosωt − sinωt
sinωt cosωt

)

. (2.103)



Chapter 3

The neuroglial potassium cycle
during neurotransmission: role of
Kir4.1 channel-mediated buffering

Neuronal excitability relies on inward sodium and outward potassium fluxes during prop-
agation of action potentials. To prevent neuronal hyperexcitability evoked by repetitive
stimulation, potassium ions have to be taken up quickly. However, it is not clear what are
the precise pathways and the dynamics of potassium fluxes underlying the potassium cycle
to return to steady state. Stimulation of Schaffer collaterals evokes a slow depolarization
of hippocampal CA1 astrocytes, which is associated with prolonged long-lasting astroglial
inward potassium currents. Using a combination of electrophysiological recordings with
a novel tri-compartment mathematical model that accounts for neuron-glia-extracellular
space, we demonstrate that potassium Kir4.1 channels by themselves account for the
activity-dependent astrocytic potassium clearance and the slow membrane depolarization.
Using our modeling, we explore the dynamics of potassium levels in the neuron-glia-
extracellular space compartments during basal and high activity. We show that after
stimulations, potassium strongly accumulates into astrocytes for 6-9 s, directly leading
to recovery of basal extracellular potassium levels, while subsequent neuronal potassium
re-uptake occurs within the next tens to hundreds of seconds, according to the level of neu-
ronal activity. Although Kir4.1 channels are involved in the uptake of potassium released
during basal neuronal activity, their contribution increases for trains of stimulation. This
long-lasting potassium uptake prevents neuronal hyperexcitability leading to epileptiform
activity, and contributes to transient recovery of basal excitability. Finally, we simulate
neuronal excitability including Brownian noise and show the prominent involvement of
Kir4.1 channels in 3 to 10 Hz rhythmic activity.

3.1 Introduction

Astrocytic processes enwrap more than half of CA1 hippocampal synapses to form tripar-
tite synapses [21, 156]. Perisynaptic astroglial processes are enriched in ionic channels,
neurotransmitter receptors and transporters, enabling astrocytes to detect neuronal ac-
tivity via calcium signaling [219] and ionic currents with various components, such as
glutamate and GABA transporter [13, 46, 71, 118] or potassium (K+) [102, 137, 150].
Thus, astrocytes regulate neuronal activity through multiple mechanisms, involving sig-
naling or extracellular homeostasis, such as extracellular space volume, glutamate, GABA
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or K+ levels [145]. Interestingly, membrane depolarization was the first activity-dependent
signal identified in glial cells [150] and was attributed to K+ entry across their membrane.
Such K+ entry was suggested to contribute to K+ spatial buffering, consisting in glial
uptake of excess extracellular K+, redistribution via the gap-junction astroglial networks
and subsequent release at sites of low extracellular K+ levels [150].

Modeling studies have mostly investigated the astroglial regulation of extracellular
K+ during pathological conditions such as epilepsy, spreading depression or ischemia
[37, 41, 50, 51, 101, 214] to clarify its impact on aberrant neuronal activity. In par-
ticular astrocytes, by regulating extracellular K+ levels, have been shown to contribute
to initiation and maintenance of epileptic seizures [37, 41, 214], as well as to the severity
of ischemia following stroke, with a neuroprotective or neurotoxic role, depending on the
levels of extracellular K+ [50, 51]. In addition, experimental data suggest that several K+

channels or transporters contribute to astroglial K+ clearance, such as Kir, K2P channels
or Na/K ATPases [222]. However, recent work show that Kir4.1 play a prominent role
in the astroglial regulation of extracellular K+ [47, 78]. However, the mouse model used
to draw these conclusions, i.e. conditional Kir4.1 knockout mice directed to glial cells
(GFAP-Cre-Kir4.1fl/fl mice, Kir4.1-/-), exhibits several limitations: 1/ Kir4.1 channels
are also deleted in oligodendrocytes [47]; 2/ astrocytes are severely depolarized [26, 47];
3/ Kir4.1-/- mice die prematurely (3 weeks) and display ataxia and seizures [47], highlight-
ing that chronic deletion of Kir4.1 channels induces multiple brain alterations and possibly
compensations. Thus, the specific and acute contribution of astroglial Kir4.1 channels to
extracellular K+ levels and the moment to moment neurotransmission is still unclear. To
decipher the acute role of astrocytes in controlling K+ homeostasis and neuronal activity,
we used a combination of electrophysiological recordings with a tri-compartment model
accounting for K+ dynamics between neuron, astrocyte and the extracellular space. We
quantified K+ neuroglial interactions during basal and high activity, and found that Kir4.1
channels play a crucial role in K+ clearance and astroglial and neuronal membrane poten-
tial dynamics, especially during repetitive stimulations, and prominently regulate neuronal
excitability for 3 to 10 Hz rhythmic activity.

3.2 Material & Methods

3.2.1 Tri partite Modeling: Neuron/astrocyte/extracellular compart-
ment

We present here the biophysical model we have built to describe potassium dynamics
during neuronal activity and specifically the role of astroglial Kir 4.1 channels. After
Schaffer collaterals stimulation, excitatory synapses release glutamate molecules that acti-
vate postsynaptic neurons. We modeled this step by classical facilitation/depression model
[213]. The resulting neuronal activity triggers ionic release in the extracellular space and
a change in the astrocytic membrane potential through ion uptake. We used the average
neuronal potential and mass action equations for ionic concentrations to model changes
in astrocytes. in astrocytes. We have built a tri-compartment model, which accounts for:
1) the neuron, 2) the astrocyte and 3) the extracellular space. We included voltage gated
channels, potassium/sodium exchangers and astrocytic Kir 4.1 channel.
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3.2.2 Facilitation/Depression model

To account for the stimulation of Schaffer collaterals that induce a synaptic response in
the CA1 stratum radiatum region, we used a facilitation-depression model [129, 212, 213]

dr

dt
=

i

τrec
− Userf(t) (3.1)

de

dt
= − e

τinact
+ Userf(t) (3.2)

i = 1− r − e, (3.3)

where f is the input function. For a single stimulation generated at time tstim, f(t) =
δ(t − tstim). A stimulation instantaneously activates a fraction Use of synaptic resources
r which then inactivates with a time constant τinact and recovers with a time constant
τrec. In the simulations, at time t = tstim, r and e respectively decreases and increases by
the value User. The postsynaptic current Iapp is proportional to the fraction of synaptic
resources in the effective state e and is given by Iapp = Asee (the parameter Ase is defined
in table 3.1). We used the following definitions for the input function f :

f(t) =







fS(t) = δ(t) for single stimulation

fTT (t) =
100∑

k=1

δ(t+ 0.01k) for a tetanic stimulation (100 Hz for 1 second)

fRS(t) =
300∑

k=1

δ(t+ 0.1k) for a repetitive stimulation (10 Hz for 30 seconds),

(3.4)

3.2.3 Modeling Neuronal Activity

The dynamics of the neuronal voltage follow the classic Hodgkin Huxley (HH) equations
[84, 85, 86]

INa = gNam
3h (Vn − Vrest + VNaN ) (3.5)

IK = gKNn
4 (Vn − Vrest + VK) (3.6)

dn

dt
= αn(1− n)− βnn (3.7)

dm

dt
= αh(1−m)− βmm (3.8)

dh

dt
= αh(1− h)− βhh, (3.9)



76 Chapter 3. The neuroglial potassium cycle during neurotransmission

with rate equations

αn(Vn) =
0.01(Vn + 10)

exp(0.1(Vn + 10))− 1
(3.10)

βn(Vn) = 0.125 exp((Vn/80) (3.11)

αm(Vn) =
0.1(Vn + 25)

exp(0.1(Vn + 25))− 1
(3.12)

βm(Vn) = 4 exp(Vn/18) (3.13)

αh(Vn) = 0.07 exp(Vn/20) (3.14)

βh(Vn) =
1

exp(0.1(Vn + 30)) + 1
. (3.15)

(3.16)

VKN and VNaN are respectively the potassium and sodium equilibrium potential and are
given by the Nernst equations

VNaN =
RT

F
ln
(
Nao

NaN

)

(3.17)

VKN =
RT

F
ln
(
Ko

KN

)

, (3.18)

where Nao and NaN are respectively the extracellular and neuronal sodium concentra-
tions, and Ko and KN are respectively the extracellular and neuronal potassium concen-
trations that may vary as we shall describe below. We complete the description of all the
neuronal currents with a leak current

IlN = glN (VN − VlN ), (3.19)

which stabilizes the membrane potential at its resting value. Finally, the neuronal voltage
satisfies the equation

CN
dVN
dt

= −(INa + IK + IlN + Iapp), (3.20)

where Iapp is the postsynaptic current derived from equation 3.1.

3.2.4 Modeling astrocytic potassium uptake by Kir 4.1 channels

To account for the current dynamics in the astrocyte, we modeled the Kir 4.1 channel
according to its biophysical properties [189] and I-V curve [205, 105]. The total astroglial
current IKir depends on the voltage, the extracellular Ko and the astrocytic KA potassium
concentrations, and is approximated by

IKir = GmaxA(VA − VKA − V1A)





√
Ko

1 + exp
(
VA−VKA−V2A

V3A

)



 , (3.21)

where VKA is the Nernst astrocyte potassium potential, VA, the astrocyte membrane
potential, V2A and V3A are the extracellular and neuronal potassium concentrations and
V1A, V2A and V3A are parameters calibrated by the experimental I-V curve (see figure 3.1C
and numerical section). Adding a leak current IlA = glA(VA − VlA) which stabilizes the
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Figure 3.1: Tri-compartment model of the potassium cycle between the neuron,
the extracellular space and the astrocyte. A, Schematic representation of the tri-
compartment model: neuronal activity induces the release of K+ in the extracellular
space, which is taken up by astrocytes. B, Reduction of the tri-compartment model to
ionic fluxes exchanges between a generic neuron, astrocyte and extracellular space. The
model includes channels and pumps carrying K+ and Na+ ions. C, I-V curve of Kir
4.1 channels. We identify the free parameters in formula 22 by fitting the simulated IV
curve to experimental recordings performed in isolated astrocytes [167]. Using formula
22, we plot the I-V curve for different ratios of extracellular to intracellular astrocytic K+

concentrations (0.02, 0.04 and 0.08). At resting membrane potential (-80 mV) and resting
K+ concentrations, the Kir 4.1 current is outward, but as illustrated here, it reverses by
increasing extracellular K+ levels.

astrocyte membrane potential at -80 mV, the astrocyte membrane potential VA satisfies
the equation

CA
dVA
dt

= −(IKir + IlA). (3.22)

where IKir is defined by relation 3.21.
We fitted the Kir4.1 I-V curve (Eq. 3.21) using the experimental recordings for the

Kir4.1 channel (3mM [K+]extra (fig. 3.2 in [167])). We first obtained that VA1 = (V0 −
26 ln(3/145)) = 14.83mV where V0 = −80mV (potential for which the current vanishes).
We then used the Matlab fitting procedure for a single exponential with formula 3.21
changed to (V−VA1−26 ln(3/145))

√
3

I with ( V from -100 to 20 mV) to get that VA2 = 34mV
and VA3 = 19.23mV (table 3.1).

3.2.5 Na/K pump ionic flux for astrocytes and neurons

The potassium resting concentrations in neuron and astrocyte are maintained by sodium/potassium
exchangers that balance the outward potassium and inward sodium fluxes. The associ-
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ated pump currents ipump,k (index k = N for the neuron, k = A for the astrocyte) depend
on the extracellular potassium Ko and intracellular sodium concentrations (NaN for the
neuron and NaA for the astrocyte) and follow generically the same equation from [170],
up to some constants imaxk (table 3.1)

ipump,k = imaxk

(

1 +
7.3
Ko

)−2 (

1 +
10
Nak

)−3

for k = N,A. (3.23)

3.2.6 Balance of ionic fluxes

We converted the different electrogenic neuronal and astrocytic channel currents into
ionic concentration currents (see also [101, 37]). A current I across the neuronal mem-
brane induces a flow of charge i equal to δQ = I per unit of time. The corresponding
change in extracellular concentration is given by δQ/(qNAVolo = IS/(qNAVolo)), where
q = 1.6×10−19C is the charge of an electron, NA the Avogadro number, S is the neuronal
membrane area and Voli, i = A,N, o respectively are the astrocytic, neuronal, and extra-
cellular volume. To model the ionic concentration dynamics, we converted the currents
INa, IK and Ikir to the corresponding ionic fluxes iNa, iK and ikir. We describe in the
following paragraphs the equations for the ionic concentrations in the three compartments
(neuron, extracellular space and astrocyte).

3.2.7 Potassium fluxes

To determine the system of equations for the potassium fluxes, we use the conservation law
for the extracellular Ko, the neuronal KN and the astrocytic KA potassium concentrations.
The extracellular potassium Ko increases with the neuronal current IK (see equation 3.6),
which is here converted to iK (ion flux), but it is also uptaken back into neurons with a
flux ipumpN (with a factor 2 as described in [35]) and into astrocytes as the sum of the
two fluxes 2ipumpA plus iKir. Similarly, we obtain the equations for the neuronal and
astrocytic potassium to balance the various fluxes,

dKo
dt

= iK − 2ipumpN − 2ipumpA + iKir

dKN
dt

= (−iK + 2ipumpN )
volo
volN

(3.24)

dKA
dt

= (−iKir + 2ipumpA)
volo
volA

.

3.2.8 Sodium fluxes

Similarly to the potassium dynamics, the equation for the sodium fluxes are derived using
the balance between the neuronal, astrocytic and extracellular concentrations. However,
the main differences is that the pump exchanges 2 potassium for 3 sodium ions leading to
the coefficient 3 in front of the pump term. In addition, to stabilize the sodium concen-
trations, we added two constant leak terms iNalA and iNalN (values given in table 3.1) as
classically used [101],

dNao
dt

= iNa − iNalN + 3ipumpA − iNalA (3.25)

dNaN
dt

= (−iNa + ilNaN )
volo
volN

(3.26)

dNaA
dt

= (iNalA − 3ipumpA)
volo
volA

. (3.27)
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Table 3.1: Parameters.

Parameter Description Value
τrec Recovering time constant 300 ms (WT) / 500 ms (fitted KO) [213]
τinact Inactivation time constant 200 ms (WT) / 160 ms (fitted KO) [213]
Ase Absolute synaptic strength 7 (WT) / 10 (fitted KO) [213]
Use Utilization of synaptic efficacy 0.8 (WT) / 0.8 (KO) [213]
gNa Sodium channel conductance 110nS.cm−2 [101, 37]
gKN Potassium channels conductance 30nS.cm−2 [101, 37]
Vrest Potassium channels conductance −60mV [86]
Na Avogadro Number 6.02e23
qe Net charge of single monovalent ion 1.62e−19C
F Farraday Constant 9.64
R Gaz constant 8.314
T Temperature 308K
glN Neuronal leak conductance 0.5nS.cm−2

VlN Neuronal leaking potential −1.2793mV
CN Neuronal capacitance 1nS.cm−2 [101, 37]
GmaxA Astrocytic Kir conductance 2.2519ns.cm−2

V1A Kir current potential constant 1 94.83ou14.83mV extracted from [167]
V2A Kir current potential constant 2 80mV extracted from [167]
V3A Kir current potential constant 2 19.23mV extracted from [167]
CA Astrocytic capacitance 76.92nS.cm−2

VlA Astrocytic leaking potential −74mV
glA Astrocytic leak conductance 0.3579ns.cm−2

imaxA Astrocytic pump maximal current 65.075C.cm−2

imaxN Neuronal pump maximal current 59.44C.cm−2

iNalA Astrocytic sodium leaking rate 2µm3

iNalN Neuronal sodium leaking rate 2µm3

Imax Astrocytic pump constant rate 0.1
volN Neuronal volume 2µm3 [230]
volo Extracellular volume 1µm3 [230]
volA Astrocytic volume 2µm3 [230]
S Astrocytic surface 1.5µm2 [25]
iNalN Neuronal sodium leak concentration constant −1.39C10−4

iNalA Astrocytic sodium leak concentration constant −8.24C10−5

3.3 Results

3.3.1 Modeling potassium dynamics between neuronal, glial and extra-
cellular compartments

To model K+ ions dynamics during neuronal activity, we built a biophysical model that
includes three compartments: the neuron, the astrocyte and the extracellular space (Fig.
3.1A). The model is based on balancing ionic fluxes between the three compartments (Fig.
3.1B). The model starts with the induction of a postsynaptic current evoked by Schaffer
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collaterals stimulation (see Material and Methods). This current is the initial input of
a classical Hodgkin-Huxley model to describe the neuronal dynamics (entry of Na+ and
exit of K+). Released extracellular K+ is taken up by astrocytes through Kir4.1 channels
and Na/K ATPases (Fig. 3.1B and Material and Methods). Because Kir4.1 channels are
strongly involved in potassium uptake [47], we fitted the I-V curve of K+ ions through
Kir 4.1 channels using equation 3.21 (see material and methods) and predicted the I-V
curve at various values of [K+]extra (Fig. 3.1C). We obtain that K+ fluxes through Kir4.1
channels vanish at the astrocytic resting membrane potential (-80 mV) and are outward
during astrocytic depolarization for a fixed extracellular K+ concentration (2.5 mM, Fig.
3.1C). However, they become inward when extracellular K+ concentrations increase (5-
10 mM, Fig. 3.1C). Based on these evidences, we shall investigate quantitatively the
contribution of Kir4.1 channels to K+ uptake in relation to neuronal activity associated
with different levels of extracellular K+ concentrations.

3.3.2 Potassium dynamics in neurons and astrocytes induced by single
afference stimulation

To validate our tri-compartment model, we systematically compared it with electrophys-
iological recordings: after evoking a field excitatory postsynaptic potential (fEPSP) by
a single stimulation of Schaffer collaterals (Fig. 3.2A), we measured [K+]extra dynamics
with K+ ions sensitive microelectrodes, and found a ∼ 0.35 mM increase following neuronal
stimulation, that slowly decayed to baseline levels within 10 seconds (Fig. 3.2B). Such
extracellular K+ changes induced an astrocytic depolarization of ∼ 1.3 mV (Fig. 3.2C).
To account for the synaptic properties of CA1 pyramidal neurons, we generated a postsy-
naptic current using the depression-facilitation model (Eq.4) (see Material and Methods
with input f(t) = δ(t)) (Fig. 3.2D). Using the Hodgkin-Huxley model, this postsynaptic
current induces a firing activity (data not shown), resulting in a ∼ 0.3 mM increase of
extracellular K+ levels within 250 milliseconds, which slowly decayed back to baseline
levels during 10 seconds (Fig. 3.2E). The extracellular K+ dynamics was associated in our
model with a small astrocytic depolarization of ∆V = −1.35mV (Equations 3.22, 3.23,
3.24). These data show that the dynamics and kinetics of astroglial membrane potential
changes obtained from numerical simulations and from electrophysiological recordings are
comparable (Fig. 3.2G).

3.3.3 Neuronal and astroglial membrane potential dynamics induced by
trains of stimulations

After validating the responses of the tri-compartment model to basal stimulation, we
investigated the impact of trains of stimulation on the dynamics on neuronal and astroglial
membrane potentials. During tetanic stimulation (100 Hz for 1 second), variations in
neuronal membrane potential described by the Hodgkin-Huxley equations show a bursting
activity during ∼ 1 second (Fig. 3.3A). This is associated to a depolarization of astrocytic
membrane potential of ∼ 5 mV, which lasts ∼ 6 seconds (Fig. 3.3B) and an increase in
[K+]extra that reaches a maximum value of 4.4 mM (Fig. 3.5C). For repetitive stimulations
(10 Hz for 30 seconds), the neuron exhibited firing activity during the whole stimulation.
This was associated to an astroglial depolarization of ∼ 12 mV (Fig. 3.3E) and an increase
in extracellular K+ levels peaking at 7 mM (Fig. 3.5E) after 5 seconds of stimulation (Fig.
3.3E). Although the stimulation lasted 30 seconds, the astrocytic membrane potential
started to decay after 17 seconds (Fig. 3.3E).
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Figure 3.2: Neuroglial potassium dynamics induced by single afference stim-
ulation. A-C, Recordings of field excitatory postsynaptic potential (fEPSP) (A), as-
sociated extracellular K+ transient (B) and astrocytic depolarization (C) evoked by a
single stimulation of Schaffer collaterals in acute hippocampal slices. D-F, Numerical
simulation of the synaptic response generated by the depression-facilitation model with
an input f(t) = fS(t) (Equation 4) (D), the extracellular K+ concentrations extracted
from equation 25 (E), and the astrocytic membrane potential generated by equation 23
(F). G, Quantification of astrocytic membrane potential kinetics extracted from experi-
mental data (black, Fig. 3.2C) and numerical simulations (blue, Fig. 3.2F). Rise times
and decay times are the actual time course of the astrocytic depolarization between 20 %
and 80 % of the maximal amplitude response.
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Figure 3.3: Dynamics of neuronal and astroglial membrane potential induced
by tetanic and repetitive stimulations. Neuronal firing induced by tetanic (100 Hz,
1 s) (A) and repetitive (10 Hz, 30 s) (D) stimulations simulated with synaptic responses
generated by the depression-facilitation model with an input f(t) = fTT (t) (equation 3.5)
and f(t) = fRS(t) (equation 3.6), respectively. Superimposition of astrocytic membrane
potential dynamics obtained by electrophysiological recordings (black) and numerical sim-
ulations (blue) during tetanic (B) and repetitive stimulations (E). (black). Quantification
of of astrocytic membrane potential kinetics extracted from experimental data (black, Fig.
3.3C) and numerical simulations (blue, Fig. 3F). The rise and decay times are computed
between 20 % and 80 % of the maximal peak amplitude response.

The kinetics of astroglial membrane potential dynamics obtained with the numerical
simulations conditions are comparable to the results obtained from electrophysiological
recordings performed in individual astrocytes during tetanic stimulation (rise time: 610
ms s for numerical simulations, 491 s ± 122, n = 5 for experiments; time of peak: 1.05
s for numerical simulations, 1.07 s ± 0.25, n =5 for experiments, decay time: 4.06 s
for numerical simulations, 3.43 s ± 0.3, n = 5 for experiments, Fig. 3.4B) and repetitive
stimulation (rise time: 1.5 s for numerical simulations, 1.27 s ± 0.18, n = 5 for experiments;
time of peak: 6.8 s for numerical simulations, 5.2 s ± 0.9 , n = 5 for experiments, decay
time: 9.8 s for numerical simulations, 8.25 s ± 0.9,n = 5for experiments, Fig. 3.3C).

3.3.4 Potassium redistribution in neuronal, astroglial and extracellular
space compartments for different regimes of activity

We investigated the dynamics of the K+ cycle between neurons, extracellular space and
astrocytes induced by neuronal activity to decipher the time needed to restore basal ex-
tracellular and intra-neuronal K+ levels. We studied K+ redistribution induced by single,
repetitive (10 Hz, 30 s) and tetanic (100 Hz, 1 s) stimulations, and found that the general
behavior of K+ dynamics was divided into three phases (Fig. 3.4). Neuronal K+ is first
released in the extracellular space (phase 0 (t=0 to t1), 0.88 mM at 320 ms for single
stimulation; 2.605 mM at 1.2 s for tetanic stimulation; 4.39 mM at 30 s for repetitive
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stimulation) for the duration of the stimulation. Compared to basal K+ levels in each
compartment, the relative transient increase in evoked K+ concentration is prominent
only in the extracellular space.

Released K+ is then mostly buffered by astrocytes (18.3-67.7 to 90.5 % during the
different regimes, Fig. 3.4) during ∼ 6-9 sec after the stimuli (phase 1 (t1-t2), single
stimulation: 7.9 s; tetanic stimulation: 7.3 s; repetitive stimulation: 4.2 s), suggesting a
slow but efficient astroglial clearance capacity for the different regimes of neuronal activity.
Finally the buffered K+ is slowly redistributed back to neurons, which ends the potassium
cycle (phase 2 (t2-end), single stimulation: 200 s; tetanic stimulation: 300 s; repetitive
stimulation: 350 s) (Fig. 3.4). The long-lasting phase 2 is marked by an inversion of K+

fluxes in astrocytes, suggesting moderate K+ release by astrocytes over time. Indeed, K+

redistribution to neurons depends on K+ release through Kir4.1 channels, which is limited
by the low outward rectification of these channels (Fig. 3.1C).

Thus the duration of potassium accumulation into astrocytes (∼ 10 s), leading to
recovery of basal extracellular potassium levels, is not very sensitive to the evoked activ-
ity, while subsequent neuronal potassium re-uptake is strongly dependent on the level of
neuronal activity.

3.3.5 Kir4.1 channel contribution to neuronal firing activity and extra-
cellular K+ levels

To study quantitatively the acute and selective role of astroglial Kir4.1 channels in neu-
roglial K+ dynamics, we inhibited the Kir4.1 current using our tri-compartment model.
Because Kir4.1-/- mice display altered synaptic plasticity compared to wild type mice
[47], we recalibrated the parameters τrec and τinact in equation 3.4 (see Table 1) for the
facilitation-depression model to get an optimal fit of the recorded postsynaptic responses
(Sibille et al., article in revision). Another change in the model consisted in setting at
zero both the Kir4.1 IKir current and the leak term. In addition, to compensate for the
loss of K+ fluxes through astroglial Kir 4.1 channels, we added in equation 3.27 a con-
stant K+ flux to maintain [K+]extra at an equilibrium value of 2.5 mM. Consequently, the
astrocytic membrane potential displayed no change during stimulation, in agreement with
the electrophysiological recordings (Sibille et al., article in revision).

The numerical simulations show that inhibition of astroglial Kir4.1 channels leads to
higher transient peak increase in extracellular K+ levels during repetitive and tetanic
stimulation compared to control conditions (Fig. 3.5C-F), while no difference is observed
for single stimulation (Fig. 3.5 A, B).

In addition, for all regimes of activity, the rise and decay times of the extracellular K+

transients were increased when Kir4.1 channels were inhibited (single stimulation, control:
5 s; Kir4.1 inhibition: 5.2 ms; tetanic stimulation, control: 6 s; Kir4.1 inhibition: 7.5 ms).

Finally, Kir4.1 channel inhibition only slightly increased neuronal firing induced by
single stimulation (Fig. 3.5 A-B-C-D ) and tetanic stimulation (Fig. 3.5 E-F-G-H, ), while
it had major effect on neuronal excitability during repetitive stimulation (Fig. 3.5 I-J-K-
L). Indeed, although firing frequency was only a little increased during the first 8 seconds
of repetitive stimulation when [K+]extra reached 10 mM (Fig. 3.5K), spike amplitude and
firing rate then progressively decreased due to neuronal depolarization (from - 33 mV to
-19 mV after 14 and 30 seconds of stimulation, respectively) suppressing neuronal firing
after 14 seconds of stimulation (Fig. 3.5I).

Altogether, these data show that astroglial Kir4.1 channels are prominently involved
in K+ buffering during high level of activity, and thereby have a major impact on neuronal
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Figure 3.4: The potassium cycle between neuronal, astroglial and extracellular
space compartments during basal and trains of stimulations. K+ redistribution
between neurons, extracellular space and astrocytes induced by single (A-B-C), tetanic
(100 Hz, 1 s) (D-E-F) and repetitive (10 Hz, 30 s) (G-H-I) stimulations. For all regimes
of activity, neuronal K+ (red) is released in extracellular space (black) during the stim-
ulation initiated at time t=0 (phase 0, t=0 to t1, where t1=320ms, 1.2s and 30.1s for
single tetanic and repetitive stimulations respectively), and is then cleared by the astro-
cyte (blue) (phase 1, t1 to t2, t2=8.2s, 8.7s and 34.6s for single tetanic and repetitive
stimulations respectively) K+ levels are illustrated for the different regimes in each com-
partment (A-C-G), with corresponding relative changes (relatively to their resting levels
in each compartment B-D-H). The different concentration changes are normalized by
the total amount of released K+ by neurons (C-F-I). Finally the buffered K+ is slowly
redistributed back to neurons, which ends the potassium cycle (phase 2, t2 to end). t1
represents the time point where neuronal release of K+ stops, whereas t2 is the time point
where astroglial K+ uptake peaks.
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Figure 3.5: Acute contribution of astroglial Kir4.1 channels to the dynamics
of neuronal firing and extracellular potassium levels. Comparison of simulated
neuronal firing (A, E, I) or extracellular K+ levels (C, G, K) in control conditions
(blue, Ctrl) and during inhibition of Kir4.1 channel (light blue) following single (A-D),
tetanic (100 Hz, 1 s) (E-H) and repetitive (10 Hz, 30 s) (I-L) stimulations, respectively.
Quantification of neuronal firing (B, F, J) and kinetics of extracellular K+ transients (D,
H, L) evoked by single, tetanic and repetitive stimulations, respectively.

firing during trains of stimulations.

3.3.6 Astrocytic Kir 4.1 channels modulate firing probability induced
by low frequency sub-firing stimulation in noisy neurons

We then investigated the effect of astroglial Kir4.1 channels on the probabilistic firing
activity induced by sub-firing stimulation coupled to neuronal Brownian noise. To sim-
ulate the firing activity, we generated a periodic stimulation (squared stimulus lasting 5
ms, of amplitude 2.1125 mA.cm−2), which defines the synaptic intensity in our tripartite
compartment model. In addition, we added a Brownian noise in the neuronal membrane
potential (equation 3.21), which amplitude (σ =1 mV) was chosen to reproduce a release
probability of 0.2. (probability to induce a postsynaptic response in equation 3.4).

We found that astroglial Kir4.1 channels had no effect on the firing probability (com-
puted over 100 simulations) for basal (0.1 Hz, Fig. 3.6B), low (1 Hz, Fig.3.6 C) and high
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(100 Hz, Fig. 3.6F) frequency stimulations. However, Kir4.1 channels directly regulate
the firing probability for 3 and 5 Hz stimulations after 7 and 12 s, respectively (Fig. 3.6D,
A). In contrast, Kir4.1 channels regulate only transiently the firing probability induced
by 10 Hz stimulation (between 4-12 s, Fig. 3.6E). These data suggest a prominent and
specific involvement of astroglial Kir4.1 channels in theta rhythmic activity.

3.4 Discussion

Extracellular K+ levels modulate neuronal potential, excitability release probability and
synaptic efficacy [10, 76, 96, 160, 161, 165]. To unravel the acute role of astrocytes in
extracellular K+ homeostasis and neuronal activity, we used electrophysiological recordings
with a tri-compartment model accounting for K+ dynamics between neuron, astrocyte
and the extracellular space. We found that Kir4.1 channels play a key role in extracellular
K+ clearance, membrane potential dynamics of astrocytes and neurons, especially during
trains of stimulation, and strongly regulate neuronal excitability for slow rhythmic activity
(3 to 10 Hz).

3.4.1 A novel tri-compartment model accounting for astroglial Kir4.1
channels and membrane potential dynamics in K+ regulation of
neuronal activity

Several models have investigated extracellular K+ regulation of neuronal activity, including
glial uptake mechanisms [37, 41, 50, 51, 63, 101, 238, 214].

To study seizure discharges and spreading depression, a first tri-compartment model
including the neuron, astrocyte and extracellular space was proposed [101], although the
astrocytic membrane potential was not taken into account, and K+ accumulation in the
interstitial volume was controlled by a first-order buffering scheme that simulated an
effective glial potassium uptake system. With such model, after evoked firing, it took about
17 s for the neuronal membrane potential to be restored to resting values, via activation
of Na-K ATPases. The model also predicted that elevated extracellular K+ levels have
a key role in the initiation and maintenance of epileptiform activity. In our study, we
accounted for the astroglial regulation of K+ buffering capacity regulated by its membrane
potential, and found that the biophysical properties of astrocytic membranes including
Kir4.1 channels were sufficient to account for the long lasting clearance of extracellular K+.
Interestingly, we confirm that alteration in K+ clearance leading to an extracellular K+

accumulation induces epileptiform activity, and we show specifically that Kir4.1 channel
acute inhibition leads to such pathological bursting activity during repetitive stimulation.

A similar tri-compartment model has been simplified as a a one-dimensional two-layer
network model to study how neuronal network can switch to a persistent state of activity,
as well as the stability of the persistent state to perturbations [37]. In this model, Na+

and K+ affect the excitability of neurons, the frequency of seizures, and the stability
of persistent states of activity. In particular, the quantitative contribution of intrinsic
neuronal currents, sodium-potassium Na/K ATPases, glia, and extracellular Na+ and
K+ diffusion to slow and large-amplitude oscillations in extracellular and intra-neuronal
Na+ and K+ levels was revealed. In the model, the estimated extracellular K+ levels
during epileptiform activity are comparable to the ones observed experimentally [135, 239].
Although this model does not account for astroglial Kir4.1 channels, it shows that a local
persistent network activity not only needs balanced excitation and inhibition, but also the
regulation of extracellular K+ levels by the glial syncytium [214].
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Figure 3.6: Involvement of Kir4.1 channels in firing probability induced by
Brownian noise and sub-firing stimulation. A, To induce probabilistic firing, a pe-
riodic 5Hz stimulation (squared stimulus lasting 5 ms, of amplitude 2.1125mA.cm−2) was
set as the input of our tri-compartment model. Moreover, a Brownian noise of amplitude
(σ =1 mV) was added in neuronal membrane potential (B) to reproduce a release prob-
ability of 0.2 (D). Corresponding neuronal firing, extracellular K+ levels and estimated
firing probability (number of action potentials (AP) per seconds /stimulation frequency)
obtained by one simulation are illustrated below for a 5 Hz stimulation during 15 seconds
(D). E, Quantification of the average firing probability computed over 100 numerical sim-
ulations for 5 Hz stimulation during 35 seconds in control (Ctrl, blue) and inhibited Kir4.1
channel (light blue) conditions. F-J, Same quantification over time as in (E) llustrated
for 0.1 Hz (F), 1 Hz (G), 3 Hz (H), 10 Hz (I) and 100 Hz (J) stimulations.
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Finally, a model accounting for the extracellular space and the astroglial compartments,
has shown the involvement of several astroglial ionic channels and transporters (Na/K
ATPase, NKCC1, NBC, Na+, K+, and aquaporin channels) in the regulation of firing
activity [238].

Our study goes in line with [78] where following a 10-s stimulus train, the potassium
clearance after the stimulation train was delayed, whereas the undershoot was increased in
cKir4.1+/+. This study concluded that deletion of Kir4.1 is associated with an extracel-
lular undershoot that occurs after multiple stimulation trains. This undershoot is believed
to reflect Na+/ K+ATPase activity that proceeds for a period of time after cessation of
synaptic stimulation [81, 39]. The results of [78] for Kir4.1 channels -/- KO indicates
that Kir4.1 also acts as a return pathway to replenish extracellular K1 under ongoing
Na+/K+ATPase activity.

3.4.2 The long lasting astrocytic potassium uptake is due to the high
glial capacitance and Kir4.1 conductance dynamics

Contrary to neuronal action potentials, characterized by a very fast dynamics in the or-
der of a few milliseconds, astroglial K+ uptake lasts tens of seconds. As shown in the
present study, most of extracellular K+ released by neurons is first cleared by astrocytes
through Kir4.1 channels and Na/K ATPases. To determine the factors controlling the slow
timescale of astroglial K+ clearance, we focused on Kir4.1 channels. Because the astroglial
leak conductance (equation 3.23) is six times smaller than the Kir 4.1 channel conduc-
tance, we neglect it. The dynamics of astrocytic membrane potential VA is described by
equation 3.23, where the membrane conductance is around CA ∼ 77nS.cm−2 and the
maximal Kir4.1 conductivity is GmaxA ∼ 2.25nS.cm−2. In that case, using equation 3.23,
the transient time constant of Kir4.1 channel-mediated return to equilibrium of astroglial
membrane potential τA is defined as

τA ∼
CA

GmaxA
√
K0

(

1 + exp
(
VA−VKA−V2A

V3A

)) . (3.28)

We obtain the following approximation τA ∼ 0.6s using equation 3.23 and the parameters
of table 1. This decay time constant is consistent with calculus of fitted exponential decay
measured in our simulation and experiment for a single stimulation where we obtained τ ∼
0.7s (data not shown). However, simulations for stronger stimulations indicate an increase
of τ to approximatively 4 seconds (tetanic stimulation, Fig. 3.3A) and 9 seconds (repetitive
stimulation, Fig. 3.3C). This increase in clearance duration is due to the dependence of the
Kir 4.1 current to extracellular K+ levels, as illustrated by the IV relation (Fig. 3.1C) and
described in equation 3.22. The Nernst potential VKA increases for strong stimulations
(tetanic and repetitive), which slows down the kinetics of astrocytic membrane potential
VA through the term 1 + exp

(
VA−VKA−V2A)

V3A

)

in equation 3.22. We conclude that the slow

time scale of K+ clearance is mainly due to the high capacitance property of the astrocytic
membrane (80 times higher than for neurons) and the availability of Kir4.1 channels at
low and high extracellular K+ levels. This clearance time scale is much longer than
the glutamate clearance rate of τA ∼ 15ms, that we previously reported [64]. Moreover
the redistribution of K+ released extracellularly following neuronal activity during the
different regimes of activity show that the higher the activity, the lower the proportion
of released K+ remains transiently in the extracellular space. This finally suggests that
Kir 4.1 channels have a strong uptake capacity, especially for high regimes of activity
(extracellular K+ levels up to 5-6mM).
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The mean time to reach a threshold (MTT) represents the mean first passage time
for the number of bound molecules to a given value. In the theory of chemical reactions,
involving a small number of ligands and molecules, it represents the first time a given
number of binding sites is formed. The MTT reveals the stability of the process and we
obtain here the dependency as a function of fundamental parameters, such as the number
of molecules, ligands, forward and backward binding rates. Our study uses a Markov-
chain description. We present several scenario, in which binding can be reversible or not,
and when ligands can be degraded. We obtain various estimations of MTT and compare
them with Brownian simulations: the MTT is a nonlinear function of the threshold T .
This nonlinearity may have several applications, ranging from cellular biology to synaptic
plasticity.

4.1 Introduction

Molecular activation occurring in cellular microdomains depends on the binding/unbinding
of ligands to specific targets [36, 134]. This is for example the case at synapses, where
synaptic plasticity, a process underlying learning and memory [52] which can last for
years can be induced when the concentration of calcium reaches a certain threshold [115].
Another example concerns the cellular response to DNA double strand break: it seems
that the cell can "sense" the number of breaks and may decide to undergo apoptosis
or not. Interestingly, a single dsDNA break can be detected and thus is sufficient to
activate a cellular response. The general concept of reaching a threshold as a starting
point of cellular response is ubiquitous in cellular biology. We can mention two other
fundamental examples: in the patterning process occurring in the embryos development,
cell differentiation is controlled by a gradient concentration and interestingly, the cell fate
can change by a small difference in the concentration of morphogens (the concentration of
DPP in insect can activate different genes at different thresholds [231]). Another example
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concerns the first step of cellular division, where all chromosomes need to be attached
before being separated [59, 168].

We propose here to study the mean time to reach a threshold (MTT) for an ensemble
of particles (molecules, proteins, ions, ligands) to bind to a given number of targets. This
event is the key regulator to induce a response. To study the MTT, we cannot use the
standard approach of chemical reactions since it involves discreet events. Recently several
efforts were made [75, 242] to model chemical reactions in small domains. In a recent work
[88], we proposed a theory of chemical reactions in microdomains based on the dynamics of
few Brownian particles. Using a Markov chain description, we obtained estimates for the
number and variance of bounds, however, we did not estimate the mean time to threshold,
which we will address here. We consider M Brownian molecules inside a microdomain
that can bind to immobile targets S modeled as the generic chemical reaction

M + S
λ
⇋

k−1

MS,

where λ is the forward rate at which a M-molecule encounters one of the free targets and
k−1 is the backward binding rate at which M − S molecules dissociate. The MTT τ̄T for
the amount of MS molecules at time t, to reach a threshold T is the expectation of the
random time

τT = inf{t > 0|MS|(t) = T}, (4.1)

where |MS|(t) is the number of MS molecules at time t. We estimate here τ̄T in several
cases: first, when the targets, all initially unbound, are distributed on the surface of a
closed microdomain. We obtain an analytical formula when the backward rate vanishes
(k−1 = 0) and later on when k−1 > 0. The analytical and asymptotic results are in
agreement with Brownian simulations. More precisely, our main results are given by
formulas (4.14) and (4.17), approximated by formulas (4.15), (4.16), (4.19) and (4.20).
Our formula extend previous analysis on the first passage time for discreet processes (ch.
XII, p.292 [216]) or diffusion controlled reactions p. 272 [169]. We next extend our analysis
to diffusing molecules that can possibly disappear (with Poissonian rate) before binding
the sites, modeled generically as

M + S
λ−→ MS (4.2)

M
µ−→ ∅. (4.3)

To study this case, we introduce a two dimensional markov chain and by counting the
number of paths on the associated Markov graph, we obtain a general expression (4.36)
for the probability to reach a threshold T and the conditional MTT (5.5). In some limits
where the number of binding molecules is large compared to the threshold T, we obtain
some asymptotic expressions, in agreement with Brownian simulations. Finally, we study
a scenario of two competitive molecular pathways, and evaluate the probability and the
MTT for one pathway to be activated before the other.

4.2 MTT for stochastic chemical reactions

We use a Markov chain to compute the mean first passage time for the number of bound
molecules to reach the threshold T . The substrate S and the diffusing molecules M
interact as described by equation 4.1. To derive a markov equation for the probability
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mass functions pk(t) = Pr{|MS|(t) = k||MS|(0) = 0} that the number of bound molecules
|MS| at time t is equal to k, we study between time t and t+ ∆t, the transitions to the k
state, coming from states k−1, k and k+1 with transition rates λk−1,−(λk+k−1k), k−1(k+
1) [88]. pk (for 0 ≤ k ≤ S0) satisfy

ṗ0 = −λ0p0 + k−1p1

ṗk = −(λk + k−1k)pk + λk−1pk−1 + k−1(k + 1)pk+1 for 0 < k < S0

ṗS0 = −(λS0 + k−1S0)pS0 + λS0−1pS0−1

where

λk = λ(S0 − k)(M0 − k), (4.4)

which is the rate for one of the M0−k free molecules to reach the S0−k free binding sites.
λ is the binding rate for one molecule M to a single target, it is the reciprocal of the mean
first passage time τ̄ for a particle to a target. When the target is small enough, τ̄ can be
approximated by the small hole formulas [87, 191, 192, 194]. To estimate the mean first
time that the number of bound molecules reaches the threshold T , we impose in equation
(5.5) that the state |MS| = T is absorbing, which leads to the modified system:

ṗ0 = −λ0p0 + k−1p1

ṗk = −(λk + k−1k)pk + λk−1pk−1 + k−1(k + 1)pk+1 for 0 < k < T − 1

ṗT−1 = −(λT−1 + k−1(T − 1))pT−1 + λT−2pT−2

ṗT = λT−1pT−1.

where pk(t) = Pr{|MS(t)| = k} with 0 ≤ k ≤ T . By definition

pT (t) = Pr{τT ≤ t} (4.5)

where τT is the first hitting time to the threshold T ,

τT = inf{t, |MS|(t) = T}. (4.6)

The MTT τ̄T is given by

τ̄T =
∫ +∞

0
Pr{τT > t}dt (4.7)

=
∫ +∞

0
(1− pT (t))dt. (4.8)

Equivalently using the normalization condition

T∑

0

pk(t) = 1, (4.9)

we have the general expression

τ̄T =
T−1∑

0

ak, (4.10)
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where ak =
∫+∞

0 pk(t)dt. To obtain an analytical expression for τ̄T , we integrate equations
(6.23) between 0 and +∞ with the initial conditions p0 = 1, pk = 0. Using that pT (+∞) =
1 and pk(+∞) = 0 for k < T , we get

− 1 = −λ0a0 + k−1a1

0 = −(λk + k−1k)ak + λk−1ak−1 + k−1(k + 1)ak+1 for 0 < k < T − 1

0 = −(λT−1 + k−1(T − 1))aT−1 + λT−2aT−2

1 = λT−1aT−1.

equivalently

aT−1 =
1

λT−1
(4.11)

ak =
1
λk

+ (k + 1)k−1
ak+1

λk
for 0 ≤ k ≤ T − 2. (4.12)

When the binding is irreversible (k−1 = 0), the MTT τ̄T is the sum of the forward rates:

τ irrevT =
1
λ0

+
1
λ1

+ . . .+
1

λT−1
(4.13)

=
1
λ

T−1∑

k=0

1
(M0 − k)(S0 − k)

. (4.14)

In particular, when M0 = S0 and M0 ≫ 1, the asymptotic formula for equation 4.14
becomes

τ irrevT ≈ T

λM0(M0 − T )
. (4.15)

In addition, when the diffusing molecules largely exceed the number of targets (M0 ≫
S0, T ), we further obtain from (4.14), the asymptotic formulas,

τ irrevT ≈







1
λM0

log
S0

S0 − T
when M0 ≫ S0, T,

1
λS0

log
M0

M0 − T
when S0 ≫M0, T,

T

λM0S0
when M0, S0 ≫ T.

(4.16)

In figure 4.1, we plot the MTT τ irrevT for several values of the threshold T and we compare
it with Brownian simulations performed in a circular disk Ω = D(R), which boundary is
reflecting except at the targets. When k−1 > 0, the analytical expression for τ̄T is given
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Figure 4.1: MTT: Left, we present the trajectories of diffusing molecules in a mi-
crodomain containing five binding sites on the boundary. Right: we plot the time τ irrevT

as a function of the threshold T . We present the Brownian simulations (dotted blue line,
variance in black), the theoretical formula (4.14) (dotted red line) and its approximation
(4.16) (continuous blue line) for a circular disk in the irreversible case (k−1 = 0). The
other parameters are S0 = 15, M0 = 10 , ǫ = 0.05 , D = 0.1µm2s−1 and the radius of the
disk R = 1µm (we run 200 simulations).

by

τ̄T =
T−1∑

k=0

1
λk

+ k−1

T−1∑

k=1

k

λkλk−1
+ k2
−1

T−1∑

k=2

k(k − 1)
λkλk−1λk−2

+k3
−1

T−1∑

k=3

k(k − 1)(k − 2)
λkλk−1λk−2λk−3

+ . . .

=
T−1∑

j=0



kj−1

T−1∑

k=j

k!

(k − j)!∏ki=k−j λi





=
1
λ

T−1∑

j=0

(
k−1

λ

)j T−1∑

k=j

k!
(k − j)!

(M0 − k − 1)!
(M0 − k + j)!

(S0 − k − 1)!
(S0 − k + j)!

.

Finally, we obtain

τ̄T =
1
λ

T−1∑

j=0

(
k−1

λ

)j T−1∑

k=j

k!
(k − j)!

(M0 − k − 1)!
(M0 − k + j)!

(S0 − k − 1)!
(S0 − k + j)!

.

(4.17)

This sum can be further approximated for the three following regimes M0 ≫ S0, T,,
S0 ≫ M0, T, and S0 = M0 ≫ T , by using the first order expansion in k−1

λ only and the
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sum
N∑

1

1
k

= log(N) +O(1). We obtain,

τ̄T ≈







τ irrevT +
k−1

(λM0)2

(
T

S0 − T
− log

(

1 +
T

S0 − T

))

,

when M0 ≫ S0, T,

τ irrevT +
k−1

(λS0)2

(
T

M0 − T
− log

(

1 +
T

M0 − T

))

when S0 ≫M0, T,

τ irrevT +
k−1

2λ2

(
T

M2
0

)3

,when S0 = M0 ≫ T.

(4.18)

Using the expression for τ irrev (eq.4.16), we finally obtain the asymptotic expressions:

τ̄ ≈







1
λM0

[

log
(

1 + T
S0−T

)

+ k−1

λM0

(
T
S0−T − log

(
S0
S0−T

))]

when M0 ≫ S0, T,

1
λS0

[

log
(
M0
M0−T

)

+ k−1

λS0

(
T

M0−T − log
(
M0
M0−T

))]

when S0 ≫M0, T,

T
λM2

0

[

1 + k−1

2λ2

(
T
M2

0

)2
]

when S0 = M0 ≫ T.

(4.19)

Furthermore, when T ≪ S0 and T ≪M0 respectively, in the two first regimes (eq. (4.19)),
we obtain the refined estimates

τ̄ ≈







T

λM0S0

[

1 +
1
2

(

1 +
k−1

λM0

)(
T

S0

)]

,

when M0 ≫ S0 ≫ T,

T

λM0S0

[

1 +
1
2

(

1 +
k−1

λS0

)(
T

M0

)]

,

when S0 ≫M0 ≫ T.

(4.20)

We conclude that for τ̄ ≫ 1, the time to threshold T τT varies quadratically with the

Narrow Escape Time τ̄ (as τ̄ =
1
λ

), however, it is a nonlinear increasing function of

T. These computations we presented are quite general and can be applied to describe the
mean time to a given number of bound molecules for any chemical reactions. In particular,
changing the threshold can be seen as a modulatory mechanism.

4.3 MTT for chemical reactions in a domain with killing
process.

We now study in a microdomain with binding sites, the MTT of diffusing molecules which
can also be killed before hitting the sites. In that case, the threshold may never be reached.
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Figure 4.2: Diagram of transition between states. Transition rates (1) : µ(m−k+1)
(2) : λ(S − k + 1)(m − k + 1) (3) :λ(S − k)(m − k) (4) : µ(m − k) where λ and µ are
respectively the forward binding rate and the killing rate.

We shall compute first the probability to the threshold and second the MTT. We treat
the case of irreversible binding sites only and model the killing process as Poissonian of
parameter µ. To derive the probability to reach the threshold T, we use a two dimensional
Markov chain for the joint probability mass function pk,m(t) that at time t, there are k
bound molecules and it remains m− k free diffusing molecules.

pk,m(t) = P{|MS|(t) = k,w(t) = m, |MS|(0) = 0, w(0) = M0},

where w(t) = |M |(t) + |MS|(t). In the irreversible case, the transitions to the state
(k,m) between time t and t + ∆t can only occur from the states (k − 1,m), (k,m) and
(k,m + 1). To compute the probability that the threshold T is achieved, we study the
chain (k,m) of having k bound molecules and it remains m-k free molecules. By imposing
a boundary condition at (T,m) and (k, T − 1), we will obtain the probability that the
threshold is reached before the molecules are degraded by summing over the state (T,m)
for m = T...M0. We represent the transition diagram between states in figure 4.2 and the
master equations are

ṗ0,M0 = −(λM0S0 + µM0)p0,M0

ṗ0,m = µ(m+ 1)p0,m+1 − (λS0m+ µm)p0,m for T − 1 < m < M0

ṗk,M0 = λ(S0 − k + 1)(M0 − k + 1)pk−1,M0 − (λ(S0 − k) + µ)(M0 − k)pk,M0 for 0 < k < T

ṗT,m = λ(S0 − T + 1)(m− T + 1)pT−1,m for T ≤ m ≤M0

ṗk,T−1 = µ(T − k)pk,T for 0 ≤ k ≤ T − 1

ṗk,m = λ(S0 − k + 1)(m− k + 1)pk−1,m + µ(m+ 1− k)pk,m+1 − (λ(S0 − k) + µ)(m− k)pk,m
for T − 1 < m < M0, 0 < k < T,

where λ and µ are respectively the forward binding rate and the killing rate. The initial
condition reads p0,M0(0) = 1 and the normalization condition is

M0,N0∑

k=0,m=0

pk,m = 1. (4.21)

To derive the steady state probabilities pT,m(∞) and pk,T−1(∞), we shall now use that the
only absorbing states (T,m) and (k, T − 1) are given for T ≤ m ≤M0 and 0 ≤ k ≤ T − 1
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(see figure 4.2). Thus by integrating over time system (5.29), we obtain that

q0,M0 =
1

M0(λS0 + µ)
(4.22)

q0,m =
1

m(λS0 + µ)

(
µ

λS0 + µ

)M0−m
for T − 1 < m < M0 (4.23)

qk,M0 =
λkS0!

(S0 − k)!(M0 − k)
∏k
j=0(µ+ λ(S0 − j))

for 0 < k < T (4.24)

pT,m(∞) = λ(S0 − T + 1)(m− T + 1)qT−1,m for T ≤ m ≤M0 (4.25)

pk,T−1(∞) = µ(T − k)qk,T for 0 ≤ k ≤ T − 1 (4.26)

qk,m =
(µqk,m+1 + λ(S0 − k + 1)(m− k + 1)qk−1,m)

(m− k)(µ+ λ(S0 − k))
(m+ 1− k)

for T − 1 < m < M0, 0 < k < T (4.27)

where for 0 ≤ k ≤ T − 1 , T ≤ m ≤M0,

qk,m =
∫ ∞

0
pk,m(t)dt. (4.28)

4.3.1 The probability to reach the threshold

The probability PT to reach the threshold is equal to the probability to reach any of the
states (T,m) for m = T, ..M0, that is

PT =
M0∑

m=T

pT,m(∞). (4.29)

To estimate PT , we study the system of equations 6.25-4.27 and for 0 < k < T and
T ≤ m < M , we have derived in the section 4.6

qk,m =

(
∏k−1
i=0

λ(S0−i)
λ(S0−i)+µ

)
∑

0≤i1,..,iM0−m
≤k
∏

ij
µ

λ(S0−ij)+µ
(λ(S0 − k) + µ)(m− k)

.

(4.30)

We proceed with the computation of the probability PT to reach the threshold. We get
from (4.25), for T ≤ m < M0 that

pT,m(∞) = λ(S0 − T + 1)(m− T + 1)qT−1,m (4.31)

=

(
T−1∏

i=0

λ(S0 − i)
λ(S0 − i) + µ

)

×
∑

0≤i1,..,iM0−m
≤T−1

∏

ik

µ

λ(S0 − ik) + µ
. (4.32)

Using eq. (4.23),

q0,m =
1

m(λS0 + µ)

(
µ

λS0 + µ

)M0−m
for T − 1 < m < M0, (4.33)

we also have for m = M0,

pT,M0(∞) =

(
T−1∏

i=0

λ(S − i)
λ(S − i) + µ

)

. (4.34)
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Finally, using that the probability is given by

PT =
M0∑

m=T

pT,m(∞), (4.35)

we finally obtain, introducing the variable µλ and T ,

p

(
µ

λ
, T

)

= PT =

(
T−1∏

i=0

λ(S − i)
λ(S − i) + µ

)

1 +
∑

0≤i1≤T−1

µ

λ(S − i1) + µ
+ . . .

+
∑

0≤i1≤..≤iM0−T
≤T−1

∏

ik

µ

λ(S − ik) + µ



 .

(4.36)

We show in figure 5.24, the graph of PT as a function of the threshold T for various values
of the ratio r = µ

λ . When TS ≪ 1, we obtain the approximation

p

(
µ

λ
, T

)

≈
(

λS

λS + µ

)T
(

1 +
µ

λS + µ
|G1|+ . . .+

(
µ

λS + µ

)i

|Gi| . . .

+
(

µ

λS + µ

)M−T
|GM0−T |

)

, (4.37)

where |Gk| is the number of k-tuples (i1,.. ik) where 0 ≤ i1 ≤ ... ≤ ik ≤ T − 1. Using that

|Gk| =
(

T − 1 + k

k

)

, we obtain

p

(
µ

λ
, T

)

≈
(

λS

λS + µ

)T M−T∑

k=0

(

T − 1 + k

k

)(
µ

λS + µ

)k

,

(4.38)

which can written as (see 4.7):

p

(
µ

λ
, T

)

≈
M∑

k=T

(

M

k

)(
λS

λS + µ

)k ( µ

λS + µ

)M−k
. (4.39)

This formula has the following interpretation: when there are many binding sites com-
pared to the number of diffusing molecules, the binding events become independent. Con-
sequently, the probability to bind can be approximated by Bernoulli distribution of pa-
rameter λS

λS+µ , and the probability of the binding number is a binomial distribution of

parameters (M, λSλS+µ). Finally, the probability to reach the threshold is equivalent to
have at least T bounds, and thus we obtain formula (4.39). Interestingly, as shown in
figure 5.24, already for r = 10, the exact formula cannot be well approximated by the
approximation (4.37) and the analytical solution should be used. The probability is a
decreasing, inverse sigmoid type function as function of the threshold T .

4.3.2 Conditional MTT

To get the conditional MTT, we first compute the mean time τ̄(σ) for a trajectory
parametrized by σ = (i0, i1, i2, ..., in) where 0 = i0 ≤ i1 ≤ ...in−1 < in = T and
1 ≤ n ≤M − T + 1, that follows a path in the Markov-diagram (see figure 4.6 in 4.7).
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When there are k bound molecules and it remains m-k free molecules, we shall estimate
the mean transition time from this state (k,m), to the state (k + 1,m). This event is
Poissonian with rate λk,m = λ(S − k)(m − k) and the probability of binding before a

molecule is killed is given by
λk,m

λk,m + µ(m− k)
. Thus, the conditional mean binding time

is

E(τMS , |MS| = k, |M | = m− k) =
1

λk,m

λk,m
λk,m + µ(m− k)

=
1

λk,m + µ(m− k)
. (4.40)

Similarly, the mean time to killing is

E(τK , |MS| = k, |M | = m− k) =
1

λk,m + µ(m− k)
.

(4.41)

The random times along the path σ are independent, thus the total mean time τ̄(σ) is the
sum of all the mean times:

τ̄(σ) =







∑T−1
k=0

1
(λ(S − k) + µ)(M − k)

if σ = (0, T )

∑n−1
j=1

1
(λ(S − ij) + µ)(M − j + 1− ij)

+

∑n
j=1

∑ij−1
k=ij−1

ij−1 6=ij

1
(λ(S − k) + µ)(M − j + 1− k)

otherwise.

(4.42)

The probability P (σ) that the dynamics follows the path σ is

P (σ) =







∏T−1
i=0

λ(S−i)
λ(S−i)+µ if σ = (0, T )

(
∏T−1
i=0

λ(S−i)
λ(S−i)+µ

) (
∏n−1
k=1

µ
λ(S−ik)+µ

)

otherwise.

(4.43)

Finally, for a forward binding constant λ, a killing rate µ, the conditional MTT τ̄T (λ, µ, T )
is

τ̄T (λ, µ, T ) =
∑

σ

τ(σ)P (σ|T is reached) (4.44)

=
∑

σ τ(σ)P (σ)
p(µλ , T )

, (4.45)

where p(µλ , T ) is the probability to reach the threshold computed in the previous subsection
(formula (4.36)). We now approximate τT (λ, µ, T ) at first order in µλ , which means that
we neglect all the paths σ = (i0, i1, i2, ..., in) such that n > 2, (the probability for the other

paths is at least of order
(
µ

λ

)2

). Consequently, considering σ = (0, T ) and σ = (0, i, T )

with 0 ≤ i ≤ T − 1. At first order, using formula (4.37), p
(
µ

λ
, T

)

= 1 + o(
µ

λ
). In
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Figure 4.3: Probability and MTT in a microdomain where ligands can be killed
before binding. Up: we plot the probability PT to reach the threshold as a function
of T , for different values of the ratio µλ (1,5,10). The exact formula (4.36) (dotted red
line) is compared with the approximation (4.39)(dotted blue line). We also compare
with Brownian simulations of M molecules (dotted black line) , with diffusion coefficient
D moving inside a circular disk of radius R. The binding sites are of size ǫ. Down:
we plot the conditional MTT as function of T for ǫ = 0.05. The mean first passage
time (the initial position is at the center) to a binding site of size ǫ is approximated
by 1

λ = τ =
(
R2

D

) (

log
(

4π
ǫ

)

+ 1
4

)

(see [191]). The other parameters are R = 1µm,

D = 1µms−2, S = 5, M = 10. Number of Brownian simulations = 250.

addition, when M ≫ T , we obtain from relations (4.42) and (4.43) the approximations
for 0 ≤ i ≤ T − 1

P (σ = (0, T ))τ(σ = (0, T )) ≈
(

1−
T−1∑

k=0

µ

λ(S − k)

)
T−1∑

k=0

1
λM(S − k)

(

1− µ

λ(S − k)

)

(4.46)

P (σ = (0, i, T ))τ(σ = (0, i, T )) ≈
(
µ

λ

)
1

λM(S − i)

(
T−1∑

k=0

1
S − k +

1
S − i

)

.(4.47)

Finally, we obtain

τT (λ, µ, T ) ≈ 1
λM

log
(

S

S − T

)

when M ≫ T, λ≫ µ.

(4.48)

Interestingly, in eq. (4.48), the term in µλ vanishes, and thus we recover the zero order
approximation (eq. (4.16)) for the MTT when particles cannot escape. In fig. 5.24, the
analytical formula (5.5) and the result of Brownian simulations show reasonable agreement.
It might be tempting to believe that replacing degradation by a small absorbing window
would give similar results. It does not. Indeed, the probability to reach a window in a
sphere containing several others depends nonlinearly on their distribution, through their
capacitance[27, 28, 29]. Thus, the rates λk,m and µk,m will differ from the ones we obtained
here. The geometrical configuration of the holes will now influence the escape and binding
rates, and this effect should be studied carefully.
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4.4 Competing thresholds

When m molecules M can bind to sites S1 (of number s1 ) with a rate k1 or to sites S2

(of number s2) with a rate k2 (no backward rate),

M + S1
k1−→ MS1 (4.49)

M + S2
k2−→ MS2, (4.50)

we propose to estimate the probability that the threshold T1 of MS1 bindings is reached
before that the number of bound MS2 reaches the threshold T2. We will also compute the
corresponding conditional MTT. When T1 +T2 ≤ m (for T1 +T2 ≥ m, the thresholds could
possibly not be reached), the analysis uses a two-dimensional Markov chain. Adapting
equations (5.29), the probability mass function pi,j(t) for i bindings MS1 and j bindings
MS2 (0 ≤ i ≤ T1 and 0 ≤ j ≤ T2), satisfies the Markov equation

ṗ0,0 = −(k1ms1 + k2ms2)p0,0

ṗi,0 = −(k1(s1 − i) + k2s2)(m− i)pi,0 + k1(s1 − i+ 1)(m− i+ 1)pi−1,0

ṗ0,j = −(k1s1 + k2(s2 − j))(m− j)p0,j + k2(s2 − j + 1)(m− j + 1)p0,j−1

ṗT1,j = k1(s1 − T1 + 1)(m− j − T1 + 1)pT1−1,j

ṗi,T2 = k2(s2 − T2 + 1)(m− i− T2 + 1)pi,T2−1

ṗi,j = (k1(s1 − i) + k2(s2 − j))(m− i− j)pi,j + (m− i− j + 1)(k1(s1 − i+ 1)pi−1,j +

k2(s2 − j + 1)pi,j−1).

and the time-integrated equations are

−1 = −(k1ms1 + k2ms2)q0,0

0 = −(k1(s1 − i) + k2s2)(m− i)qi,0 + k1(s1 − i+ 1)(m− i+ 1)qi−1,0

0 = −(k1s1 + k2(s2 − j))(m− j)q0,j + k2(s2 − j + 1)(m− j + 1)q0,j−1

pT1,j(∞) = k1(s1 − T1 + 1)(m− j − T1 + 1)qT1−1,j

pi,T2(∞) = k2(s2 − T2 + 1)(m− i− T2 + 1)qi,T2−1

0 = (k1(s1 − i) + k2(s2 − j))(m− i− j)qi,j + (m− i− j + 1)(k1(s1 − i+ 1)qi−1,j +

k2(s2 − j + 1)qi,j−1).

If τ(T1) (resp. τ(T2)) is the first time the threshold T1 is reached (resp. T2, the probability
that T1 is reached before T2 is

P (τ(T1) < τ(T2)) =
T2−1∑

j=0

pT1,j(∞). (4.51)

Using similar combinatorial considerations as in section 4.3.1, the probability Pσ of a path
σ = (i0, i1, ..., in) for 0 = i0 ≤ i1 ≤ . . . ≤ in = T1 and 1 ≤ n ≤ T2 is

Pσ =
n−1∏

k=0

f(ik, ik+1), (4.52)

where i1 counts the last bindings between M and S1, before any previous bindings between
M and S2. In general, ik is defined such that ik+1 − ik is the number of MS1 bounds
following exactly k-th MS2 bounds. If i1 = i2, there is another consecutive bound between



4.4. Competing thresholds 103

a single M and another single S2 molecules, while for i1 < i2, there are i2 − i1 bindings
between M and S1, followed by a single binding between M and S2 and so on. For
k < n− 1, f(ik, ik+1) are the transition probabilities between the states (|MS1|, |MS2|) =
(ik, k), (ik+1, k+1). For the special case k = n−1, f(in−1, T1) is the transition probability
between the states (in−1, n − 1), (in, n − 1). The computation of f goes as follow: for
ik = ik+1, the transition probability is the one of a M molecule to bind to one of the s2−ik
S2 free binding sites where there are s1 − k free S1 sites, that is

k2(s2 − ik)
k1(s1 − k) + k2(s2 − ik)

.

f(ik, ik+1) =







1

1 + k1(s1−ik)
k2(s2−k)

if ik = ik+1

1

1 + k1(s1−ik+1)
k2(s2−k)

ik+1−1
∏

j=ik

1

1 + k2(s2−k)
k1(s1−j)

if ik 6= ik+1 and k < n− 1

ik+1−1
∏

j=ik

1

1 + k2(s2−k)
k1(s1−j)

if k = n− 1,

(4.53)

where the third case corresponds to ik+1 − ik MS1 bindings followed by a MS2 single
event. Summing over all possible paths,

P (τ(T1) < τ(T2)) =
T2−1∑

k=0




∑

σ=(0=i0≤...≤ik+1=T1
)

Pσ



 .

(4.54)

In figure 6.21 we plotted using formula (4.54) the probability P (τ(T1) < τ(T2)) as a
function of T1 for fixed T2. Using the argumentation of formula 4.39, when T1 << s1 and
T2 << s2, this probability can be approximated by

P (τ(T1) < τ(T2)) ≈
T1+T2−1∑

k=T1

(

T1 + T2 − 1
k

)(
k1s1

k1s1 + k2s2

)k ( k2s2

k1s1 + k2s2

)T1+T2−1−k
.

We remark that P depends on the ratio
k1

k2
only, but not on the number m of M -molecules

provided that T1 + T2 ≤M . The conditional MTT to reach the threshold T1 before T2 is

τ(k1, k2, T1, T2) =
∑

σ τσP (σ)
P (τ(T1) < τ(T2))

, (4.55)

where

τσ =
n−1∑

k=0

g(ik, ik+1), (4.56)
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and where

g(ik, ik+1) =







(1/k2)
(m− ik − k)(s2 − k)

if ik = ik+1

ik+1∑

j=ik

(1/k1)
(m− j − k)(s1 − j − k)

+
(1/k2)

(m− ik+1 − k)(s2 − k)
if ik 6= ik+1

and k < n− 1

ik+1−1
∑

j=ik

(1/k1)
(m− j − k)(s1 − j − k)

if k = n− 1.

Following the computation of section 4.3.2, for k1
k2
,m≫ 1, we approximate the conditional

MTT τ̄(T1, T2), as (see equation 4.46)

P (σ = (0, T1))τ (σ = (0, T1)) ≈
T1−1∑

i=0

1
k1m(s1 − i)

− k2

k1

s2

k1m






T1−1∑

i=0

1
(s1 − i)2

+





T1−1∑

i=0

1
s1 − i





2





P (σ = (0, j, T1))τ(σ = (0, j, T1)) ≈ k2

k1

s2

m(s1 − j)




1

s1 − j
+
T1−1∑

i=0

1
s1 − i



 . (4.57)

The first order term in k2
k1

vanishes and finally

τ̄(T1, T2) ≈
T1−1∑

i=0

1
k1m(s1 − 1)

≈ 1
k1m

log
(

s1

s1 − T1

)

when k1 ≫ k2,m≫ 1.

(4.58)

This result can be compared to formula (4.48), obtained for a single threshold and a
uniform killing rate. In both cases, we recover the zero order approximation of equation
(4.16), which relies asymptotically on MS1 properties (and not the killing effect or the
number of |MS2| bindings).

4.5 Conclusion and perspectives

We presented here a general approach to estimate the mean time for the number of bounds
between a substrate and a ligand population to reach a given threshold. The computation
is based on a markovian model, which allows us to obtain explicit asymptotic formula, in
agreement with Brownian simulations. Interestingly, we obtain a nonlinear dependency of
the MTT as a function of T . This result may have several consequences in various fields
ranging from chemistry to cellular biology, including the design of molecular switches [211]
where upon the activation of a molecular threshold, the cell fate can be reprogrammed.
Another example is the nonlinear relation between the number of CAMKII molecules and
the induction of long term potentiation [115] in synaptic plasticity.
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Figure 4.4: (color online)Probability and Mean time to reach the threshold T1

before T2 in a microdomain where ligands bind with two kind of sites S1 and
S2. Up: we plot the probability P (τ(T1) < τ(T2)) to reach the threshold as a function
of T1 for different values of T2. We present the exact formula (4.54) (dotted red line)
and results obtained by Brownian simulations (dotted black line) in a circular domain of
radius R with s1 targets S1 of size ǫ1 and s2 targets S2 of size ǫ2 . Down: we plot the
conditional MTT as function of T1 for T2 = 5. The parameters are S1 = S2 = 5, M = 10,
ǫ1 = ǫ2 = 0.05µm, R = 1µm, D = 1µm2s−1. The rates k1 and k2 are given by 1

τ where

τ = R2

D

(

log
(

4πR
ǫ + 1

4

))

(see [191]). We ran 500 simulations.

A final example is the spindle checkpoint occurring during the cell mitosis: during
metaphase, centrosome nucleated microtubules interact with the chromosomes kineto-
chores to build the mitotic spindle. Only after all chromosomes have become aligned at
the metaphase plate, when every kinetochore is properly attached to a bundle of micro-
tubules, does the cell enter anaphase. Our analysis can be used to estimate the proba-
bility and the mean time of bindings between kinetochores (the number of which is equal
to that of chromosomes ranging from a few to less than 50) and the anaphase activators
(our M-molecule). Finally, we mention that the present approach disregards the target
organization in the cellular domain, which can have a significant effect, especially when
the targets can cluster [27, 28, 29].

4.6 SI: Proof of relation (4.30)

We prove relation (4.30). Indeed, the formula is true for k = 1 or m = M − 1 and a direct
computation shows it satisfies (4.27). We obtain the formula, by considering equation
(4.27): qk,m can be expressed as a sum of two contributions, one depending on qk−1,m and
the other on qk,m+1. Thus for k < k′ and m′ < m, we can express qk′,m′ as a function of
qk,m, by summing the contribution of q(k′,m′) in the diagram of figure 4.2 for all "paths"
leading from (k,m) to (k′,m′). In figure 6.4, we represent a possible path from (k0,m+ 1)
to (k2,m), when the killing happens at state (k1,m+ 1).

The contribution of qk1,m to qk2,m is obtained by using inductively (4.27) (blue box in
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Figure 4.5: (color online)The Markov-diagram for a path going from (k0,m+ 1) to
(k2,m).

figure 6.4). Thus

qk2,m =
qk1,mλ(S − k1)(m− k1)
(λ(S − k2) + µ)(m− k2)

k2−1∏

i=k1+1

λ(S − i)
λ(S − i) + µ

+(terms not depending on qk1,m), (4.59)

where the terms that do not depend on qk1,m will arise from the summation of k,m + r
where r ≥ 1 that will be taken off later on. The contribution of qk1,m+1 to qk1,m (green
box in figure 6.4) is given by

qk1,m =
µ

λ(S − k1) + µ
qk1,m+1 +

λ(S − k1 + 1)
λ(S − k1) + µ

qk1−1,m. (4.60)

Similarly to equation (4.59), we get the contribution of qk0,m+1 to qk1,m+1 (red box in
figure 6.4). Finally, the expression for the contribution of the path represented in figure
6.4 is

qk2,m =
µλ(S − k0)(m− k0)

(λ(S − k1) + µ)(λ(S − k2) + µ)(m− k2)





k2−1∏

i=k0+1

λ(S − i)
λ(S − i) + µ



 qk0,m+1

+sum of other contributions. (4.61)

We obtain all the contributions by summing over all possible k1 in the diagram, i.e. all
k0 ≤ k1 ≤ k2 and we obtain

qk2,m =





k2∑

i=k0

µ

λ(S0 − i) + µ




λ(S − k0)(m− k0)

(λ(S − k2) + µ)(m− k2)





k2−1∏

i=k0+1

λ(S − i)
λ(S − i) + µ



 qk0,m+1.(4.62)

More generally, by summing over all the contributions,we can obtain an expression for
qk,m as a function of q0,M : each contribution in the diagram corresponds to a certain path
going down M − m times and moving k times forward (see figure 4.6). The path goes
down on the diagram at i1,.. iM−m where 0 ≤ i1 ≤ ... ≤ iM−m ≤ k. When summing over
all configurations (ij), we obtain

qk,m =




∑

0≤i1,..,iM0−m
≤k

∏

ij

µ

λ(S − ij) + µ





(
k−1∏

i=0

λ(S − i)
λ(S − i) + µ

)

M(λS + µ)
(λ(S − k) + µ)(m− k)

q0,M .

Using that q0,M = 1/(M(λS + µ)) (equation (4.22)), we obtain the formula (4.30).
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Figure 4.6: Markov diagram for a path starting at (0,M) and ending at (k,m).
There are k +M −m steps going down M −m times and going forward k times.

4.7 SI: Prof of relation (4.39)

We prove here relation (4.38) is equal to (4.39): ∀M ≥ T ≥ 1

XT
M−T∑

k=0

(

T − 1 + k

k

)

(1−X)k =
M∑

k=T

(

M

k

)

Xk(1−X)M−k.

(4.63)

Equivalently, we have to show (replace X by 1−X, divide by XT and replace k by k− T
on right side)

M−T∑

k=0

(

T − 1 + k

k

)

Xk =
M−T∑

k=0

(

M

k + T

)

XM−k−T (1−X)k.

(4.64)

We prove (4.64) by induction :

• For T = 1 (4.64) is true for all M .

• For all M it is true for T = M − 1.

Suppose for all T that it is true for M − 1 ≥ T i.e.

M−1−T∑

k=0

(

T − 1 + k

k

)

Xk =
M−1−T∑

k=0

(

M − 1
k + T

)

XM−1−k−T (1−X)k, (4.65)

and let us prove (4.65) for M : First, we rewrite the left-hand side of (4.64)

M−T∑

k=0

(

T − 1 + k

k

)

Xk =
M−1−T∑

k=0

(

T − 1 + k

k

)

Xk +

(

M − 1
M − T

)

XM−T . (4.66)
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Secondly, we consider the right-hand side :

M−T∑

k=0

(

M

k + T

)

XM−k−T (1−X)k

=
M−T∑

k=1

(

M

k + T

)

XM−k−T (1−X)k +

(

M

T

)

XM−T

=
M−T−1∑

k=0

(

M

k + T + 1

)

XM−k−1−T (1−X)k+1 +

(

M

T

)

XM−T .

(4.67)

Using Pascal’s rule,

= (1−X)M−T +

(

M

T

)

XM−T + (1−X) ×

M−T−2∑

k=0

((

M − 1
k + T

)

+

(

M − 1
k + T + 1

))

XM−k−1−T (1−X)k (4.68)

= (1−X)M−T +

(

M

T

)

XM−T +
M−T−2∑

k=0

(

M − 1
k + T

)

XM−k−1−T (1−X)k

−X
M−T−2∑

k=0

(

M − 1
k + T

)

XM−k−1−T (1−X)k +
M−T−2∑

k=0

(

M − 1
k + T + 1

)

XM−k−1−T (1−X)k+1

(4.69)

=
M−T−1∑

k=0

(

M − 1
k + T

)

XM−k−1−T (1−X)k −X
M−T−2∑

k=0

(

M − 1
k + T

)

XM−k−1−T (1−X)k

+
M−T−2∑

k=0

(

M − 1
k + T + 1

)

XM−k−1−T (1−X)k+1 + (1−X)M−T +

(

M

T

)

XM−T − (1−X)M−T−1

(4.70)

=
M−T−1∑

k=0

(

M − 1
k + T

)

XM−k−1−T (1−X)k −X
M−T−2∑

k=0

(

M − 1
k + T

)

XM−k−1−T (1−X)k

+
M−T−3∑

k=0

(

M − 1
k + T + 1

)

XM−k−1−T (1−X)k+1 +X(1−X)M−T−1 + (1−X)M−T +

(

M

T

)

XM−T

−(1−X)M−T−1 (4.71)

=
M−T−1∑

k=0

(

M − 1
k + T

)

XM−k−1−T (1−X)k −
M−T−2∑

k=0

(

M − 1
k + T

)

XM−k−T (1−X)k

+
M−T−2∑

k=1

(

M − 1
k + T

)

XM−k−T (1−X)k +

(

M

T

)

XM−T (4.72)
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=
M−T−1∑

k=0

(

M − 1
k + T

)

XM−k−1−T (1−X)k +

(

M

T

)

XM−T −
(

M − 1
T

)

XM−T .

=
M−T−1∑

k=0

(

M − 1
k + T

)

XM−k−1−T (1−X)k +

(

M − 1
T − 1

)

XM−T .

(4.73)

By induction, and with (4.66) it follows

M−T∑

k=0

(

T − 1 + k

k

)

Xk =
M−T∑

k=0

(

M

k + T

)

XM−k−T (1−X)k.

(4.74)





Chapter 5

Application 1: Spindle assembly
checkpoint

Published in K. Dao Duc, D. Holcman (2012), "Using default constraints of the spindle
assembly checkpoint to estimate the associated chemical rates", BMC Biophysics;5(1):1.

Background : Default activation of the spindle assembly checkpoint provides severe
constraints on the underlying biochemical activation rates: on one hand, the cell cannot
divide before all chromosomes are aligned, but on the other hand, when they are ready,
the separation is quite fast, lasting a few minutes. Our purpose is to use these opposed
constraints to estimate the associated chemical rates.

Results : To analyze the above constraints, we develop a markovian model to describe
the dynamics of Cdc20 molecules. We compute the probability for no APC/C activation
before time t, the distribution of Cdc20 at equilibrium and the mean time to complete
APC/C activation after all chromosomes are attached.

Conclusions : By studying Cdc20 inhibition and the activation time, we obtain a
range for the main chemical reaction rates regulating the spindle assembly checkpoint and
transition to anaphase.

5.1 Background

A fundamental step in cell division consists in the alignment of each pair of chromo-
somes. This process occurs during metaphase, where centrosome nucleated microtubules
interact with the chromosomes kinetochores to build the mitotic spindle. Only after all
chromosomes have become aligned at the metaphase plate and when every kinetochore
is properly attached to a bundle of microtubules, the cell enters anaphase. To prevent
premature progression to anaphase, even if all-but-one of the kinetochores have been at-
tached and the chromosomes are aligned, unattached or improperly attached kinetochores
generate a signal inhibiting the anaphase activators. This process is called the spindle
assembly checkpoint (SAC).

Although the exact mechanisms of the SAC and anaphase processes are still unclear,
several key steps have been identified. Sister chromatids are initially bound by proteins
such as cohesin. During anaphase onset, separase protein cleaves cohesin, thus allowing
the sister chromatids to separate [60]. Usually, separase is prevented from cleaving cohesin
through its association with another protein called securin. Securin can be ubiqitylated
by the activated Cdc20-anaphase promoting complex/cyclosome (Cdc20-APC/C) at the
kinetochores [146]. However, when the kinetochores are not all properly attached, the SAC
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enables the ubiquitylation and inhibition of Cdc20 binding with APC/C [146, 153]. The
mechanisms leading to Cdc20 ubiquitylation involve several proteins such as Mad2, BubR1,
Bub3 [186]. Current models [62, 120, 126, 196, 207, 220] of the checkpoint propose that
Mad2 protein has a crucial role either to sequester Cdc20, or acts in conjunction with the
BubR1 and Bub3 proteins to form an inhibitor called the "Mitotic Checkpoint Complex"
(MCC). Mad2 changes conformation to bind Cdc20 tightly via a "safety belt" mechanism
[120, 126, 196], while another inhibitory complex comprised of BubR1 and Bub3 has also
been identified [207, 62].

The SAC has been modeled at a molecular level , however the parameters used [48, 49,
94, 140] may not necessarily reflect in vivo dynamics [30]. For example, these modelings
do not take into account the finite number of binding sites for Cdc20. In addition, the
constant flux assumption [48] made for molecules reaching a kinetochore impacts the
APC/C activation, leading to an overestimation for the catalytic activity. We shall revisit
here some of these major assumptions in the construction of our model. An improvement
of these models was recently achieved [116, 190] by taking into account the finite number
of binding sites at kinetochores [116], leading also to an estimate for the MCC chemical
rates associated with SAC.

In the present article, our purpose is to study the inhibition followed by its fast acti-
vation of Cdc20, which is the key activator of the anaphase promoting complex. As the
number of kinetochores implied in the SAC is small, the forward binding rate of a chemical
reaction as it is classically computed in the continuously concentrated limit cannot be ap-
plied. To adequately describe chemical reactions in microdomains [88, 229], where targets
such as kinetochores have to be reached by the anaphase activators, we use a stochastic
approach. Using Markovian equations [40, 88] to account for the binding dynamic as-
sociated with a finite number of molecules, we compute the time dependent probability
that the spindle is not initiated before time t (formula 5.24) and then the mean time to
induce anaphase (implicit formula 5.30). We apply our analysis to PTK2 cells and thus,
we obtain some quantitative constraints on the Cdc20 production rate and the MCC con-
centration to guarantee strong inhibition of Cdc20 by the SAC. Using different parameter
values (cell size, number of chromosomes...), our method can be extended to other cell
types and organisms, providing a general framework to study the dynamics of activators
during the spindle checkpoint and the anaphase transition.

5.2 Methods

5.2.1 Markovian modeling of APC/C activation and Cdc20 inhibition

We describe here the time evolution of the joint probability distribution of Cdc20 molecules
and of APC/C complex activation, the later being responsible for the chromosome sepa-
ration. In this model, APC/C is located on the chromosomes (figure 1), and is a target of
the Cdc20 molecule, although there are some conflicting evidences that APC/C is located
on the kinetochores [93]. This assumption can affect the binding rate, but does not impact
the construction of our model. For a cell containing N chromosomes, the targets of the
Cdc20 molecules are the N associated kinetochores, containing the APC/C complexes.
When a Cdc20 molecule reaches a kinetochore, it activates the APC/C complex and this
can trigger a cascade of reactions (detailed in the background section) leading to the sep-
aration of the sister chromatids. The goal of the spindle assembly checkpoint signal is
to prevent this activation of APC/C by Cdc20, when at least one of the chromosomes is
not properly attached to the microtubules responsible for the chromatids migration. The



5.2. Methods 113

spindle assembly checkpoint signal consists in the production of proteins such as Mad2,
BubR1 and Mad3 [186], generated by unattached kinetochores. These proteins diffuse

Figure 5.1: A schematic view of the spindle assembly checkpoint and anaphase.
A: Before all chromosomes are all attached, the mitotic checkpoint complex inhibits the
Cdc20 molecules binding with APC/C to prevent premature separation of sister chro-
matids. This signal ubiquitylates Cdc20. B: When all chromosomes are properly attached,
the inhibiting signal is shut down. C and D: Activation of APC/C triggers the separation
of the chromatids and ultimately the anaphase.

in large quantity in the cell to inhibit the APC/C binding by Cdc20 molecules. Indeed,
these proteins form with Cdc20 a complex called mitotic checkpoint complex (MCC).
Similar complexes can be found in yeast, in which a BubR1-related Mad3 protein might
inhibit Cdc20 as a pseudosubstrate [20, 151, 184]. The formation of this complex results
in Cdc20 ubiquitylation, which prevents APC/C activation. In our model, MCC will rep-
resent the complex of inhibitory proteins before it binds Cdc20, in contrast with the usual
terminology where MCC includes Cdc20. Cdc20 molecules are produced from the disso-
ciation of a complex [225], which could be a subcomplex of Mad2 and Cdc20 resulting
from MCC:Cdc20 disassembly, promoted by p31[209]. In summary, the above chemical
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reactions can be summarized as

Complex : Cdc20 λ→ Complex+ Cdc20 (production)

Cdc20 +MCC
k−1→ MCC : Cdc20 (ubiquitylation) (5.1)

Cdc20 +APC/C
µ→ APC/C : Cdc20 (activation). (5.2)

where the rate λ measures the production of Cdc20 and k−1 the degradation, while µ is
the arrival rate for a CdC20 to an APC/C site. We shall compute in the next paragraphs
the joint probability

pk(t) = Pr (|Cdc20|(t) = k, no activation occurred before time t) (5.3)

that the APC/C is not activated by any free Cdc20 molecule at time t. To compute this
probability, we first derive a Markov equation. The difficulty is that this joint probability
contains a discrete variable counting the number of Cdc20 molecules and a binary one,
which monitors whether or not an activation of APC/C by Cdc20 has occurred before
time t. The state space of this Markov process is completed by adding a state describing
that activation occurred before time t. It is modeled as an absorbing state of probability

p∗(t) = Pr ( activation occurred before time t) , (5.4)

which accounts for all the activations which have happened before time t from all the
states k. Starting with k active Cdc20 molecules and no activation, there are three possible
transitions (figure 5.2): 1) one Cdc20 molecule is inhibited, so that k-1 active molecules
are left 2) one Cdc20 molecule activates the APC/C 3) one Cdc20 molecule is generated,
leading to the transition from k to k+1 active molecules. Thus, the probabilities pk satisfy

Figure 5.2: Markov diagram for the probability of number of Cdc20 molecules.
Cdc20 at state k is generated and destroyed at rate λ(S − k) and k−1k respectively.
Diffusing Cdc20 molecules bind to the APC/C complex to trigger the separation of sister
chromatids.

the chemical master equations [40, 88]

ṗ0 = −λSp0 + k−1p1

ṗk = −(λ(S − k) + (µN + k−1)k)pk + λ(S − k + 1)pk−1 + k−1(k + 1)pk+1, for 1 ≤ k
ṗ∗ =

∑

k

µNkpk. (5.5)

The production rate of Cdc20 molecules is proportional to the number of remaining avail-
able complex molecule given by λ(S−k). Indeed the Cdc20 molecules are produced during
metaphase by dissociation from a pool of complexes, which limits the level of Cdc20 to
a maximum of S molecules [225]. In addition, we shall emphasize that there is another
interpretation of equation (5.5): indeed, dissociation of the MCC:Cdc20 complex, produc-
ing Cdc20 molecule, leads also to equation (5.5). When none of the N target kinetochores
have been activated, the arrival rate for a Cdc20 molecule to an APC/C is µN , where
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µ =
1
τ

and τ is the mean time for a Cdc20 molecule to reach the APC/C site. This mean

time can be approximated by [87, 183, 194]

µ =
3rD
πR3

, (5.6)

where D is the diffusion coefficient of a Cdc20 molecule, a is the radius of the APC/C
complex, R the radius of the cell. As the mechanisms underlying the production and the
regulation of MCC are still unclear, we consider that the MCC concentration is homoge-
neous and remains constant over time to guarantee a robust inhibition of Cdc20. Thus,
k−1 is given by the Smoluchovski formula for the binding rate of a Brownian particle

k−1 = 2πbD[MCC], (5.7)

where [MCC] is the concentration of MCC, uniform over the cell and b is the radius of
the Cdc20 binding site. When the SAC starts, no free Cdc20 molecules are present in the
cell, thus we choose for the initial conditions pk(0) = δk,0. Because there can only be S
Cdc20 molecules, we have for all time t, pk(t) = 0 and k > S.

5.2.2 The probability for no activation

To quantify the inhibition capacity of the SAC, we estimate the probability P (t) that at
time t, no APC/C has been activated, so that no chromosomal migration could have been
initiated. This probability is given by

P (t) =
+∞∑

k=0

pk(t). (5.8)

We shall compute P (t) using the generating function

f(t, x) =
+∞∑

k=0

pk(t)xk. (5.9)

Using equation (5.5), f satisfies a first order PDE

∂f

∂t
= λS(x− 1)f + (−λx2 + (λ− µN − k−1)x+ k−1)

∂f

∂x
. (5.10)

Using the characteristics method, we look for a solution of

Ẋ = λX2 − (λ− µN − k−1)X − k−1, (5.11)

which is of Riccati type. From the classical substitution x = − 1
λ

u′

u
, we obtain the linear

second order differential equation

u′′ + (λ− µN − k−1)u′ − k−1λu = 0. (5.12)

Thus, the solution for characteristics is

xC(t) = − 1
λ

(

r1e
r1t + r2Ce

r2t

er1t + Cer2t

)

, (5.13)
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where C is a constant and r1 and r2 are the two roots of the quadratic polynomial asso-
ciated with (5.12)

r1 =
1
2

(

−λ+ µN + k−1 +
√

(−λ+ µN + k−1)2 + 4k−1λ

)

(5.14)

r2 =
1
2

(

−λ+ µN + k−1 −
√

(−λ+ µN + k−1)2 + 4k−1λ

)

.

(5.15)

Along one of these characteristics, f satisfies the linear first order ODE

df(t, xC(t))
dt

= λS(xC(t)− 1)f(t, xC(t)). (5.16)

The general solution for equation (5.16) is

f(t, xC(t),K) = K exp
(

λS

∫ t

0
(xC(u)− 1)du

)

. (5.17)

At time t = 0, we have pk(0) = δk0, initial conditions set K = 1. To find p(t), we shall
select the characteristic for which at time t, xC(t) = 1. Solving this, yields to

C(t) = −e(r1−r2)tλ+ r1

λ+ r2
, (5.18)

and we obtain the characteristic

xC(t)(u) = − 1
λ







r1 − r2

(
λ+ r1

λ+ r2

)

exp[(r1 − r2)(t− u)]

1−
(
λ+ r1

λ+ r2

)

exp[(r1 − r2)(t− u)]






.

(5.19)

Finally, the probability P (t) of no activation is

P (t) = exp



−λS


t+
1
λ

∫ t

0

r1 − r2

(
λ+r1
λ+r2

)

e(r1−r2)u

1−
(
λ+r1
λ+r2

)

e(r1−r2)u
du







 (5.20)

= exp

[

−λS
(

t+
1
λ

[

r1u− ln
(

1−
(
λ+ r1

λ+ r2

)

e(r1−r2)u
)]t

0

)]

(5.21)

= e−λSt−r1St
(

−λ− r2 + (λ+ r1)e(r1−r2)t

(r1 − r2)

)S

(5.22)

= e−λtS
(

(λ+ r1)e−r2t − (λ+ r2)e−r1t

λ(r1 − r2)

)S

(5.23)

Finally,

P (t) =

(

(λ+ r1)e−(λ+r2)t − (λ+ r2)e−(λ+r1)t

r1 − r2

)S

. (5.24)

P is a decreasing function of time, and remains constant for λ = 0 and µ = 0. In figure
5.3, we plot P as a function of time for different values of λ and k−1, and as a function of λ
and k−1 at a given time. It is a decreasing function of λ (increasing the Cdc20 production
rate decreases the probability of activation) and a decreasing function of k−1 (increasing
the inhibition of Cdc20 increases the probability for no activation).



5.2. Methods 117

Figure 5.3: The probability P for no activation during the SAC is represented
as a function of the time and the rates λ and k−1. A :We plot P (t) as a function
of time for different values of λ and k−1 = 1. B : as a function of time for different values
of k−1 and λ = 0.1. C : at time t=1200s as a function of λ and k−1. The parameters are
given in table 1.

5.2.3 The distribution of Cdc20 at equilibrium

After the last chromosome attached and thus all kinetochores are properly positioned, the
inhibition of APC/C:Cdc20 binding is suppressed and anaphase can start. The initial
condition for the number of Cdc20 molecules for this new phase is the one obtained at
equilibrium from the previous phase, in which Cdc20 is produced and destroyed by the
SAC. When there are k Cdc20 molecules, the production rate is given by λ(S−k) and the
destruction rate k−1(k + 1). Thus, the probability pk(t|NA) that k Cdc20 molecules are
inside the cell, conditioned that no activation has occurred, satisfies the Master equations

ṗ0(t|NA) = −λSp0(t|NA) + k−1p1(t|NA)

(5.25)

ṗk(t|NA) = −(λ(S − k) + k−1k)pk(t|NA)

+λ(S − k + 1)pk−1(t|NA)

+k−1(k + 1)pk+1(t|NA).

The equilibrium probabilities pk(∞) and the mean number N̄ for such a system is [104]

pk(∞) =

(S
k

) (
λ
k−1

)k

(

1 + λ
k−1

)S
(5.26)

N̄ =
Sλ/k−1

1 + λ/k−1
. (5.27)

When the SAC is suppressed, Cdc20 is no longer inhibited and can activate APC/C to
trigger anaphase. Using the distribution computed here we compute in the next section
the mean time for complete separation of sister chromatids during anaphase.
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5.2.4 Activation of APC/C

When all kinetochores are properly attached, the SAC is shut down and the activation of
APC/C:Cdc20 complex triggers a cascade of reactions leading to cohesin ubiquitylation
at the chromosome sites [60]. To study the time for such activation, we consider that
production and degradation of MCC are fast enough so that the MCC concentration
decreases rapidly once all the kinetochores are attached. In that case, we can neglect the
transient time for the rate k−1 to decay to 0 and thus we take the equilibrium Cdc20
concentrations as the initial conditions for the activation of APC/C. For our analysis, we
further consider that the time for all kinetochores to be attached is not too short compared
to the degradation and production time scale, so that the CdC20 concentration is close
to equilibrium. When there are k Cdc20 present in the cell and m of them are bound
to APC/C, it results that the association rate is µ(N − m)(k − m) [88]. We shall now
estimate the joint probabilities that there are k Cdc20 molecules, and m activated APC/C
by Cdc20.

pk,m(t) = Pr (|CDC20| = k, m activated APC/C by Cdc20)

>From the state (k,m), the transition rate to activation of APC/C located on another
kinetochore is then µ(k−m)(N−m). Thus, we get the following Markov chain (represented
in figure 5.4)

ṗ0,0 = −λSp0,0

ṗk,0 = −(λ(S − k) + µNk)pk,0 + λ(S − k + 1)pk−1,0

ṗk,k = −λ(S − k)pk,k + µ(N − k + 1)pk,k−1 (5.28)

ṗk,m = −(λ(S − k) + µ(N −m)(k −m))pk,m
+λ(S − k + 1)pk−1,m

+µ(N −m+ 1)(k −m+ 1)pk,m−1,

with the initial condition

pk,m(0) =

(S
k

) (
λ
k−1

)k

(

1 + λ
k−1

)S
δ0,m, (5.29)

computed in equation (5.26). In that case, the mean time τ that all APC/C are activated
is obtained by analyzing a continuous markov process that reaches a given threshold [40].
Using formula 12 of [40], the mean time to threshold is expressed as a sum

τ =
N−1∑

k=0

S∑

m=0

ak,m, (5.30)

where ak,m =
∫∞

0 pk,m(t)dt. Integrating the system of equation (5.29) from 0 to +∞ with
the initial conditions

pk,m(0) = δm,0

(S
k

) (
λ
k−1

)k

(

1 + λ
k−1

)S
, (5.31)
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leads to

− p0,0(0) = −λSa0,0

−pk,0(0) = −(λ+ µN)(S − k)ak,0 + λ(S − k + 1)ak−1,0

0 = −λ(S − k)ak,k + µ(N − k + 1)ak,k−1 (5.32)

0 = −(λ(S − k) + µ(N −m)(k −m))ak,m
+µ(N −m+ 1)(S − k)ak,m−1

+λ(S − k + 1)ak−1,m.

In practice, we solve this linear system of equations numerically and in figure 5.5, we plot

Figure 5.4: Schematic representation of the Markov Chain associated with the
joint probability pk,m(t) to have k bounds APC/C and m free Cdc20 molecules.

the mean τ as a function of the parameters k−1 and λ. We find that τ is a decreasing
function of λ (the faster Cdc20 is produced, the faster the threshold of bindings is reached)
and an increasing function of the rate k−1 (inhibition decreases the number of Cdc20 at
equilibrium and thus the time to reach the threshold, after the source of inhibition is
terminated). These variations go in the opposite direction compared to the probability of
no activation during the SAC. Thus we expect that using the probability P and this mean
time τ will lead to limit the range of the parameters λ and k−1 as we will describe now.

Figure 5.5: The time τ is plotted as a function of the parameters λ and k−1. The
parameter valuers are given in table 1.
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5.3 Results

5.3.1 Quantitative constraints on the rates λ and k−1

We now apply our previous modeling to determine the rates of production λ and the
backward binding rate k−1. Indeed, during SAC, a strong inhibition signal imposes that
the probability for no activation remains very high and thus, the degradation rate k−1

has to be high enough compared to the production rate λ. In contrast, a fast activation
during anaphase forces the mean time to activate all the kinetochores to be short, thus
the production rate λ has to be high. These opposite constraints allow us to determine a
range for the parameters λ and k−1. We use the following quantitative constraints.

1. First, the probability P of no activation remains high enough during the time τ1

where all chromosomes get properly attached in the metaphase plate. It has been
estimated that τ1 ≈ 20 min [171]. Thus by fixing a threshold of 0.95 for the proba-
bility P (τ1) that no activation occurred before time τ1

P (τ1 > 20min) ≥ 0.95 (C1). (5.33)

2. Second, during the anaphase onset, the time 〈τS〉 for all chromosomes to get sepa-
rated is short. Since APC/C activation triggers the chromosome separation, we can
consider that τS is the time for all APC/C to get activated. Indeed, biophysical data
[138] suggest that τS should be limited in time τ ′ ≈ 10 min. Thus,

〈τS〉 ≤ τ ′ (C2). (5.34)

Using formula (5.24) for the probability P (τ1) and integrating numerically the time 〈τS〉
from the matrix equation (5.32), we determine a range of validity for these parameters by
a geometrical domain Ω represented in figure 8.2, as the intersection Ω = Ω1 ∩ Ω2, where

Ω1 = {(λ, k−1) s.t. P (τ1(λ, k−1) > 20min) ≥
0.95} (5.35)

and

Ω2 = {(λ, k−1) s.t. 〈τS〉(λ, k−1) ≤ τ ′}. (5.36)

We tested the prediction of our model on PTK2 cells, originating from kangaroo rat
kidney, used in studies on mitosis because there are only a few large chromosomes and the
cells remain flattened during mitosis. For these cells, the concentration of bound complex
from which Cdc20 is produced is approximately 50 nM [225] during interphase. This
concentration is of the same order as the one reported in [94], and is equivalent to 3000
molecules restricted in a volume of 100µm3 (for a flat cell of size 10 µm and of height 1
µm, leading to a volume of 10×10×1µm3). For larger cells, the number of molecules can
be multiplied by 10 or 100. Thus, during the SAC, it is tempting to think that the system
escapes the stochastic limit. However, because the number of Cdc20 is small at early
metaphase and limited by the inhibition of MCC, the stochastic regime is still controlling
the behavior of the system and in addition, the inhibition is strong enough to maintain a
low level of Cdc20. In figure 8.2, we represented the two domains Ω1 and Ω2, the first is
on the left of curve 1, while the second is on the right side of curve 2. Our analysis can be
generalized by changing the two conditions C1 and C2 for specific cell types. The other
parameters are summarized in table 5.1. Surprisingly, Ω is not bounded, but it provides
an interesting and new range for the parameters.
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Table 5.1:

Parameter Description Value
V cell volume ≈ 100µm3 [225]
D Diffusion coefficient of Cdc20 D = 20µm2/sec [225]
a radius of APC/C complex ≈ 10−2µm [153]
b radius of MCC binding site ≈ 2nm [83]
N Number of chromosomes 13 [225]
S Initial number of complexes 3000 [225]

µ binding rate
(

=
4aD
V

)

≈ 2.10−4s−1

5.4 Discussion and conclusion

Based on the two main constraints C1 and C2, we presented here a Markovian analysis
to estimate two fundamental rates regulating the spindle assembly checkpoint. This idea
of using physical and timing/inhibition constraints was used before [48] to infer SAC
characteristics and compare different models. In a different mathematical framework, our
study is based on describing precisely the role of the SAC, which is to prevent a premature
separation of chromosomes. Such an event is stochastic, determined by an accidental
binding which leads to activate APC/C. Estimating parameters such as chemical rates in
the context of stochastic systems is challenging, as new methods and tools have to be used
and developed, notably in statistical inference of Markov processes [149, 229]. In our case,
we use a Markovian approach to relate the chemical rates to the characteristics of the
SAC observed at the cellular level. To guarantee an inhibition strong enough to prevent
accidental binding, the probability that no activation occurred has to be high enough
and plays a crucial role in determining the validity of the production rate parameters. In
contrast to other quantitative studies of the SAC, we also study the premises of separation
of sister chromatids during anaphase. As the SAC determines the amount of Cdc20 when
anaphase starts, the time for activation of all APC/C located on kinetochores should not
be neglected. Finally, in Figure 8.2, we obtain a range for the rates λS (which is the
production rate at the beginning of SAC) and k−1. Actually, this range approximatively

depends on the ratio ρ =
k−1

λS
, which satisfies

50 ≤ ρ ≤ 90. (5.37)

The constraint ρ ≥ 50 gives the minimum value required to produce enough Cdc20
molecules to activate the APC/C before 10 minutes. However, this ratio should not
be too high, because an overproduction of Cdc20 could trigger a premature anaphase and
thus ρ cannot also be too large, limited to 90. To close the domain Ω, a third constraint
can be added by providing an upper bound for k−1. Because k−1 is given by the Smolu-
chovski formula 2πbD[MCC], limiting the concentration [MCC] would precisely limit the
chemical rate k−1. For example, when the number of MCC is in the range of 10000 (which
corresponds to the Mad2 concentration of 200nM found in [187], and used in [116, 190]),
we obtain that k−1 ≈ 24 and in that case, we approximatively get for the production rate

0.25 ≤ λS ≤ 0.5. (5.38)
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For example, fixing the value λS = 0.3, we find that anaphase is triggered after a mean

Figure 5.6: Representation of the domain Ω (red). A: The probability for no ac-
tivation at time τ = 10min as a function of parameters λ and k−1. Other parameters
are those of table 5.1 B : The mean time to threshold as a as a function of parameters λ
and k−1. Other parameters are those of table 5.1. C : The curve 1 is given as the level
line associated τ = 10 min in figure B. The curve 2 is the level line associated with the
probability P given by P (τ)=0.95 in figure A. These two curves determine the domain Ω
satisfying conditions C1 and C2.

time of 239 s (4 minutes), while the probability for no activation at time t = 20min is
P = 0.96, which satisfies the biophysical constraints C1 and C2 described above. To
close the domain Ω more tightly, several considerations can be suggested. The fact that
once free/active, Cdc20 needs to find a securin-separase complex and bring it to the
APC/C (alternatively find the APC/C first and not get ubiquitylated) might constrain
the time somewhat further. We also did not take into account the effective time to get to
equilibrium for Cdc20 or the time to clear inhibition of MCC. If the number of MCC is too
large, this time cannot be neglected and would provide an explanation for overexpressing
inhibitors that prevent anaphase [226]. It would be interesting to account for the dynamics
of MCC [209], and how it can influence the transition phase between SAC and anaphase
onset [146, 226]. Finally, the present study can be extended to various cell geometry with
different size and with different number of chromosomes.
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Post-transcriptional regulation in
the nucleus and cytoplasm: a
study of mean time to threshold
(MTT) and narrow escape
problem
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regulation in the nucleus and cytoplasm: a computational approach"

Messenger RNAs (mRNAs) can be repressed and degraded by small non-coding RNA
molecules. In this paper, we formulate a Markov-chain description of the post-transcriptional
regulation of mRNAs by either small interfering RNAs (siRNAs) or microRNAs (miR-
NAs). We calculate the probability of an mRNA escaping from its domain before it is
repressed by siRNAs/miRNAs via calculation of the mean time to threshold: when the
number of bound siRNAs/miRNAs exceeds a certain threshold value, the mRNA is irre-
versibly repressed. In some cases, the analysis can be reduced to counting certain paths
in a reduced Markov model. We obtain explicit expressions when the small RNA bind
irreversibly to the mRNA and we also discuss the reversible binding case. We apply our
models to the study of RNA interference in the nucleus, examining the probability of
mRNAs escaping via small nuclear pores before being degraded by siRNAs. Using the
same modelling framework, we further investigate the effect of small, decoy RNAs (de-
coys) on the process post-transcriptional regulation, by studying regulation of the tumor
suppressor gene, PTEN: decoys are able to block binding sites on PTEN mRNAs, thereby
reducing the number of sites available to siRNAs/miRNAs and helping to protect it from
repression. We calculate the probability of a (cytoplasmic) PTEN mRNA translocating
to the endoplasmic reticulum before being repressed by miRNAs. We confirm our results
by stochastic simulations.

6.1 Introduction

Gene expression is the process by which genes are transcribed into mRNA molecules which
are in turn translated into proteins. Gene regulatory networks consist of groups of genes
whose function can be positively or negatively affected by various signals and/or molecu-
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lar interactions, which promote or inhibit the production of proteins [3]. In this study we
look specifically at post-transcriptional (or translational) regulation by small RNAs. Post-
transcriptional regulation is a process that occurs between the transcription and transla-
tion of the gene [3]. There are many types of post-transcriptional regulation, and nearly
all genes can be controlled in this way. We will focus on two types of post-transcriptional
regulation: RNA interference (RNAi) [3], and post-transcriptional regulation of the tu-
mour suppressor gene, PTEN [202]. In particular, the PTEN process was chosen because
of the important role PTEN plays in the prevention of tumourigenesis, as explained in
Section 6.1.2. As we shall see in Section 6.2.1, both processes can be modelled by the same
general framework, which we present in terms of the PTEN problem. Formulation of the
RNAi problem as a particular case of the general model is presented in Section 6.2.2. We
present the results of our stochastic simulations in Section 6.3, and conclude in Section 6.4
with some ideas for future work. First, let us introduce the biological motivation behind
each problem.

6.1.1 RNA interference in the nucleus

In eukaryotes, messenger RNA (mRNA) transcription occurs within the nucleus. Once
transcribed, mRNAs form complexes with proteins, and are dispersed throughout the
nucleus as they move by Brownian motion [218]. They subsequently exit the nucleus via
small pores on the surface of the nucleus, roughly 120nm in diameter, to be translated into
protein in the cytoplasm [74]. RNA interference (RNAi) is a biological process in which
this gene expression is regulated via interactions between small RNA molecules, known
as small interfering RNA (siRNA), and specific target mRNA molecules [3]. The siRNA
are initially formed of two ∼ 22-nucleotide strands of RNA, but are subsequently cleaved
into two individual strands, one of which is incorporated into the RNA-induced silencing
complex (RISC). Once an siRNA binds to an mRNA target, the mRNA is degraded by
Argonaute (Ago), the catalytic component of RISC.

A recent study by Robb et al. (2005) revealed a new role for RNAi in nuclear post-
transcriptional regulation, by demonstrating siRNA-induced, RNAi-mediated degradation
of target mRNAs in the nucleus of Hela cells [173]. This process results in down-regulation
of target genes, as the number of target transcripts that reach the translation machinery
in the cytoplasm is reduced. Additionally, Paul et al. (2002) reported the existence of
nuclear post-transcriptional regulation, with results that support the hypothesis of Robb
et al. that certain siRNAs can suppress pre-mRNAs before they are able to exit the
nucleus for translation in the cytoplasm [155, 173]. We formulate this process in terms
of a narrow escape problem (NEP), as an mRNA diffusing in the nucleus, bounded by
the nuclear membrane save for a few small nuclear pores, and study the probability of an
mRNA escaping into the cytoplasm via a nuclear pore before it is bound to and degraded
by siRNAs [183].

6.1.2 Post-transcriptional regulation of PTEN in the cytoplasm

In addition to RNAi, we also study post-transcriptional control of the tumor suppressor
gene, PTEN. PTEN plays an important role in the prevention of tumor initiation and
progression by promoting apoptosis [179]. Putz et al. (2012) demonstrated that the PTEN
protein, normally localised in the cytoplasm and nucleus of a cell, is also secreted from the
cell [164]. Translation of an mRNA begins in the cytoplasm via binding of “free” ribosomes
to the mRNA. When a protein is destined for cell secretion, its polypeptide chain contains
a short sequence of amino acids known as the endoplasmic reticulum (ER)-targeting signal
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sequence [4]. If an ER-targeting signal sequence is read by a ribosome, it facilitates the
transport of the mRNA, and the partially-translated protein, to the rough ER, where
translation of the protein continues. Once fully translated, the protein is secreted to the
recipient cell, while the mRNA remains bound to the ER for further translation [4]. From
this, we assume in our models that if a PTEN mRNA binds to a ribosome, it localizes to
the ER and, once it is bound at the ER, it remains bound.

By a similar mechanism to RNAi, PTEN is post-transcriptionally regulated via binding
of small RNA molecules, known as microRNAs (miRNAs), to the 3’ untranslated region
(UTR) of its mRNA [202]. In contrast to siRNA-mRNA binding, miRNA-mRNA bind-
ing is thought to primarily result in repression of mRNA translation, although mRNA
degradation has also been observed [97]. We assume that binding by a miRNA results in
permanent translational repression of mRNA. As reported by Sumazin et al. [202], an as-
sortment of modulation mechanisms can affect this regulation of PTEN by miRNAs. One
such mechanism occurs when binding sites are blocked, preventing miRNAs from binding
to their targets. In 2010, Eiring et al. [56] suggested that specific decoy RNAs (“decoys”)
can achieve this by binding to the same sites as miRNAs, thereby interfering with miRNA-
mRNA interactions. If these decoys block the binding sites of PTEN mRNAs, then PTEN
will be up-regulated as there will be fewer opportunities for miRNAs to bind and repress
PTEN translation. A schematic is shown in Figure 6.1. Again, we formulate this process

Figure 6.1: A schematic of the miRNA-PTEN post-transcriptional regulatory process,
with miRNAs (in green) and decoys (in black) competing to bind to PTEN mRNA.

in terms of a narrow escape problem (NEP) [87, 183]: an mRNA molecule is confined to
the cytoplasm by the cell membrane, save for a few small, stationary targets (ribosomes)
via which the particle can escape into the ER. We assume that the time for translocation
of an mRNA to the ER is negligible, and that, if an mRNA comes into contact with a
ribosome before it is repressed, it is irreversibly removed from the system (representing
instantaneous and permanent removal to the ER). We also assume that ribosomal diffu-
sion is negligible compared to mRNA diffusion. We model the probability of an mRNA
binding to a ribosome, and subsequently translocating (escaping) to the ER, before it is
repressed by miRNAs.

6.1.3 Mean time to threshold

Co-operativity of siRNAs/miRNAs can be defined as the repression of a target as a result
of the positive interaction between two or more siRNAs/miRNAs in the same 3’UTR [19].
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In particular, for the PTEN problem, a study by Xiao et al. (2008) suggested a potential
co-operativity between miR-17-5p and miR-19 in the repression of PTEN [235]. Broderick
et al. (2011) suggested at least three distinct regulatory mechanisms (see Figure 6.2) that
could account for the increase in target repression of mRNAs containing multiple binding
sites [19]:

1. Co-operative binding - Binding of a siRNA/miRNA-Ago complex to a site in-
creases the affinity of a second complex to an adjacent site. Silencing of the transcript
may arise from interactions between adjacent Ago proteins.

2. Co-operative function - Multiple siRNA/miRNA-Ago complexes bind to a tar-
get independently of one another, but the interaction of one complex could recruit
binding proteins that repress the target. Along with an increase in the number of
complexes bound, there would be also be an increase in the likelihood of repressive
factors being recruited to the mRNA.

3. Multiple, independent sites - Each siRNA/miRNA-Ago complex functions inde-
pendently, but as the number of binding sites increases, the probability of a complex
locating a site increases.

Figure 6.2: Three potential regulatory mechanisms that could account for the increased
repression activity observed in target transcripts containing multiple siRNA/miRNA bind-
ing sites (see main text for details). (A) Cooperative binding, (B) Cooperative function,
(C) Multiple independent sites. [19].

Using this idea of co-operativity, we analyse the probability of mRNA repression by
siRNAs/miRNAs by examining the mean time to threshold (MTT) of the number of bound
siRNAs/miRNAs.

6.2 Model formulation

In this section, we present a general framework to estimate the probability, Pa, of an mRNA
reaching a small target before it is repressed by miRNAs/siRNAs. We use a stochastic
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Parameter Description
τ Mean time of mRNA to a pore/target
kf Forward binding rate of small RNAs to an mRNA
ksb Unbinding rate of siRNAs/miRNAs, s
kdb Unbinding rate of decoys, d
Nb Total number of binding sites on a single mRNA
T Threshold number of bound miRNAs/siRNAs required

for mRNA repression

modelling approach to account for the small number of mRNAs and binding sites for
siRNAs/miRNAs. In the case of RNAi in the nucleus, Pa represents the probability
that the mRNA physically translocates outside the nucleus via a nuclear pore before
degradation. In the case of PTEN regulation in the cytoplasm, Pa corresponds to binding
of an mRNA to a ribosome for translocation to the ER before irreversible translational
repression.

In Section 6.2.1, we present the two-dimensional Markov Chain model for PTEN reg-
ulation in the cytoplasm. In Section 6.2.2, we perform explicit computation of the escape
probability for the one-dimensional Markov Chain model of RNAi in the nucleus using
Markov Chain analysis.

6.2.1 General model framework of PTEN post-transcriptional regula-
tion

In this section, we formulate a model for the safe delivery of a PTEN mRNA to the ER
after synthesis, via binding to a ribosome (represented by a small, stationary target within
the cytoplasm). We assume that mRNAs have binding sites which are complementary to
two types of small RNAs: miRNAs, s, that are capable of repressing the mRNA, and
decoys, d, that can protect the mRNA from repression by blocking the binding sites. We
assume that when a decoy is bound to a site, no miRNA can bind to that same site, and
vice versa. In general, miRNAs and decoys compete for the same binding sites, and we
will consider both reversible and irreversible binding to these sites. When the number of
miRNAs bound to an mRNA exceeds a certain threshold, T , the mRNA is considered to
be irreversibly repressed.

In general, we consider that all small RNAs are freely diffusing, with diffusion coef-
ficient, Ds, in a confined domain, and are present in large proportion compared to the
number of mRNAs [166]. The mRNAs are modelled as diffusing particles with a diffusion
coefficient, Dm. The diffusion coefficient for the small RNAs is such that Ds ≫ Dm [143].
Each mRNA has a finite and small number of binding sites, Nb (assumed to be in the
range of 10-20). The PTEN model assumes that these interactions are taking place in the
cytoplasm. The parameters for both this model and the RNAi model are summarized in
table 1.

We consider the motion of an mRNA, x(t), described by the Brownian dynamics

dx =
√

2B(x) dw(t), (6.1)

where B(x) is a diffusion matrix, and w(t) is a vector of independent standard Brownian
motions [89]. The state of each mRNA can be described by the probability density function

Pr{x(t) ∈ x+ dx, s(t) = s, d(t) = d} = ps,d(x, t)dx, (6.2)
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which represents the probability that an mRNA is found at position x at time t with
s miRNAs and d decoys bound. We consider that these particles diffuse in a domain
Ω, with a reflecting condition on ∂Ω. When the number of bound miRNAs, s, reaches
a threshold, T , the mRNA is repressed. For N small targets, of radius ε ≪ 1, in the
interior the domain, the narrow escape problem (NEP) can be formulated as a mixed
Dirichlet-Neumann boundary value problem (BVP) [29], with boundary conditions

ps,d(x, t) = 0 for x ∈ ∂Ωa (6.3)

∂BBT (x)ps,d
∂n(x)

(x, t) = 0 for x ∈ ∂Ωr. (6.4)

where 0 ≤ s ≤ T , s+d ≤ Nb, and n(x) is the outward unit normal on x ∈ ∂Ωr. Condition
(6.3) states the assumption that, for j = 1, . . . , N , if an mRNA arrives at the surface of
the j-th target, ∂Ωεj , where ∂Ωa = ∪Nj=1∂Ωεj is the total surface area occupied by all
pores, then it will leave the domain almost surely, i.e. with probability one. Condition
(6.4) is the zero-flux boundary condition for the rest of the domain, ∂Ωr = ∂Ω− ∂Ωa.

Master-Fokker-Planck equation

The joint probability density function (Jpdf) is the solution of a Master-Fokker-Planck
equation [182] that we shall formulate now. For 0 < s < T and 0 < d < Nb, it is given by

∂

∂t
ps,d(x, t) =

div(BBT (x)∇ps,d(x, t))− 2kf (Nb − s− d)ps,d(x, t)

− (ksbs+ kdbd)ps,d(x, t) + ksb(s+ 1)ps+1,d(x, t). (6.5)

+ kdb (d+ 1)ps,d+1(x, t) + kf (Nb − s− d+ 1)ps−1,d(x, t)

+ kf (Nb − s− d+ 1)ps,d−1(x, t) .

Here, we make the assumption that miRNAs and decoys are abundant in the cytoplasm,
such that binding does not affect their total amount in the cytoplasm [55]. In the Markov
approximation, during the time interval [t, t + ∆t], if there are already s and d bound
miRNAs and decoys, respectively, an miRNA or decoy can bind with rate kf (Nb−s−d)∆t.
A miRNA (or decoy) can unbind with rate ksbs∆t (or kdbd∆t). A more detailed description
of the derivation of the Jpdf 6.9 is given in [40].

Chemical master equations at the reaction boundaries

When the number of bound miRNAs is equal to the threshold T , the mRNA is repressed
and we assume that the rate of return from the state s = T to any previous state is zero.
Similarly, we assume there are no transitions to or from negative states, i.e. ps,d = 0 for
s < 0 or d < 0, and that the maximum number of possible bindings is Nb, i.e. ps,d = 0 for
s+ d > Nb .

The CME for no bound miRNAs or decoys (s = d = 0)

As there are no transitions from negative states, the CME is

∂

∂t
p0,0(x, t) = div(BBT (x)∇p0,0(x, t))− 2kfNbp0,0(x, t) + ksbp1,0(x, t)

+ kdbp0,1(x, t).
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The CME for either no bound miRNAs or no bound decoys (s = 0 or d = 0)

When there are no miRNAs bound, that is, s = 0 and Nb > d > 0, we have

∂

∂t
p0,d(x, t) =

div(BBT (x)∇p0,d(x, t))− 2kf (Nb − d)p0,d(x, t)− kdbdp0,d(x, t)

+ ksbp1,d(x, t) + kdb (d+ 1)p0,d+1(x, t) + kf (Nb − d+ 1)p0,d−1(x, t).

Similarly, for T − 1 > s > 0 and d = 0 (no decoys bound),

∂

∂t
ps,0(x, t) =

div(BBT (x)∇ps,0(x, t))− 2kf (Nb − s)ps,0(x, t)− ksbsps,0(x, t)

+ksb(s+ 1)ps+1,0(x, t) + kdbps,1(x, t) + kf (Nb − s+ 1)ps−1,0(x, t).

The CME near the threshold number of bound miRNAs (s = T − 1)

For s = T − 1,d = 0 (no transition rate from PT,0), then

∂

∂t
pT−1,0(x, t) =

div(BBT (x)∇pT−1,0(x, t)− 2kf (Nb − T + 1)pT−1,0(x, t)

− ksb(T − 1)pT−1,0(x, t) + kdbpT−1,1(x, t) + kf (Nb − T + 2)pT−2,0(x, t).

For s = T − 1 and Nb − T > d > 0, (no transition rate from PT,d), then

∂

∂t
pT−1,d(x, t) =

div(BBT (x)∇pT−1,d(x, t))− 2kf (Nb − T + 1− d)pT−1,d

− (ksb(T − 1) + kdbd)pT−1,d(x, t) + kdb (d+ 1)pT−1,d+1(x, t)

+ kf (Nb − T − d+ 2)pT−2,d(x, t) + kf (Nb − T − d+ 2)pT−1,d−1(x, t).

The CME at the threshold number of bound miRNAs (s = T )

For s = T and Nb − T > d > 0 (the only transition occurs from the state T-1), then

∂

∂t
pT,d(x, t) = kf (Nb − T − d+ 1)pT−1,d(x, t).

The CME at the limit of a filled mRNA (s+ d = Nb)

For T > s > 0 and Nb − s = d (there are no transition rates from any state (s, d) such
that s+ d > Nb), then

∂

∂t
ps,Nb−s(x, t) =

div(BBT (x)∇ps,Nb−s(x, t))− (ksbs+ kdb (Nb − s))ps,Nb−s(x, t)
+ kfps−1,Nb−s(x, t) + kfps,Nb−s−1(x, t).

For s = T ,Nb − T = d, then

∂

∂t
pT,Nb−T (x, t) = kfpT−1,Nb−T (x, t).
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Finally, for d = Nb, s = 0 (the mRNA is filled with decoys), then

∂

∂t
p0,Nb(x, t) = div(BBT (x)∇p0,Nb(x, t))− kdbdp0,Nb + kfp0,Nb−1(x, t).

The various transitions are summarized in Figure 6.3. The general system of equations
cannot, in general, be solved analytically. However, we can use this system to compute
various quantities asymptotically and also use the stochastic simulation algorithm (SSA)
[70], such as the probability that an mRNA escapes to the ER (by locating a ribosome)
before it is repressed (see Figure 6.7(a)).

Figure 6.3: Markov chain diagram for the mRNA state. The general transitions
are represented in the inner diagram, while we emphasize the boundary condition. The
rectangle represents the state where the mRNA is repressed (absorbing state). From each
non absorbing state, there is also a probability to exit, represented in the diagram as *.

Reduction of the Master-Fokker-Planck to a Markov chain

To estimate the probability of an mRNA exiting the domain before repression, we integrate
the Master-Fokker-Planck equations over the domain, Ω (n.b. unless stated otherwise, we
assume that the subscript {s, d} represents that there are s miRNAs and d decoys bound
to the mRNA, with s ∈ [0, T ) and d ∈ [0, Nb − s]). The survival probability of a particle
at time t is given by

pSs,d(t) =
∫

Ω
ps,d(x, t)dx, (6.6)

which is the probability of an mRNA being found intact within the domain at time t given
any initial position, x, in the domain, Ω. From this, we define the conditional outflux
probability as

Js,d(t) =
∮

∂Ωa

∂B(x)BT ps,d
∂n

(x, t)dSx, (6.7)

which represents the instantaneous arrival rate of an mRNA to a target. Binding to targets
is rare as targets occupy only a small fraction of the domain. Therefore, the flux can be
approximated in the small hole limit as [183]

Js,d(t) =
1
τ̄
pSs,d(t), (6.8)
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where τ is the mean arrival time of an mRNA to a target. This mean first passage time
(MFPT) does not depend on the number of bound miRNAs/decoys, but does depend on
the diffusion properties of the mRNA and the number of targets. The survival probability,
given by (6.6), of an mRNA being found intact in the domain at time t, satisfies the
general CME [40],

∂

∂t
pSs,d(t) =

− 1
τ
pSs,d(t)− 2kf (Nb − s− d)pSs,d(t)− (ksbs+ kdbd)pSs,d(t)

+ ksb(s+ 1)pSs+1,d(t) + kdb (d+ 1)pSs,d+1(t)

+ kf (Nb − s− d+ 1)pSs−1,d(t) + kf (Nb − s− d+ 1)pSs,d−1(t).

The boundary terms are obtained similarly to those derived in Section 6.2.1, by integrating
over the domain, Ω.

The first time, τ̄T , that the number of bound miRNAs reaches the threshold, T , is
known as the “mean time to threshold” (MTT). It allows us to define the escape probability
Pa that the mRNA escapes before it is repressed. Similarly, we can define the probability
that an mRNA is repressed before it escapes as Pd. The probability that an mRNA exits
the domain before it is repressed is the sum over all probabilities that there are s < T
bound miRNAs when an mRNA reaches a target at time, t, that is,

Pa(t) =
T−1∑

s=0

1
τ
pSs,d(t) +

Nb∑

d=Nb−T+1

Nb−d∑

s=0

pSs,d(t). (6.9)

The overall exit probability for an intact mRNA is

Pa =
∫ ∞

0
Pa(t)dt. (6.10)

Similarly, the probability of an mRNA being repressed before it escapes can be defined as

Pd =
Nb−T∑

k=0

Nb−T∑

d=0

pST,k(∞), (6.11)

where

pST,d(∞) = lim
t→∞

pST,d(t). (6.12)

Combining (6.9) and (6.10), and using the conservation of probability, we can re-formulate
this as

Pa =
T−1∑

s=0

Nb−T∑

d=0

∫ ∞

0
Js,d(r)dr +

Nb∑

d=Nb−T+1

Nb−d∑

s=0

∫ ∞

0
Js,d(r)dr. (6.13)

In the small hole approximation, the exit time is Poissonian [183]. To estimate the survival
probability, we integrate the Markov chain over the domain, Ω, and simplify our results
by defining

as,d =
∫ ∞

0
pSs,d(t)dt, (6.14)
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which represents the probability of an mRNA being found intact within the domain at
any time. From this, (6.13) can be written as

Pa =
1
τ

T−1∑

s=0

Nb−T∑

d=0

as,d +
1
τ

Nb∑

d=Nb−T+1

Nb−d∑

s=0

as,d. (6.15)

The probability as,d satisfies

0 = −1
τ
as,d − 2kf (Nb − s− d)as,d − (ksbs+ kdbd)as,d

+ ksb(s+ 1)as+1,d + kdb (d+ 1)as,d+1 (6.16)

+ kf (Nb − s− d+ 1)as−1,d + kf (Nb − s− d+ 1)as,d−1,

for 0 < s < T and 0 < d < Nb − T . This results from

lim
t→∞

pSs,d(t) = 0, for s 6= T , (6.17)

in that, the probability to find the mRNA inside the cytoplasm is zero except in the
following cases:

pT,d(∞) = kf (Nb − T − d+ 1)aT−1,d, where Nb − T > d≥ 0

pT,Nb−T (∞) = kfaT−1,Nb−T ,

which corresponds to the probability of mRNA repression at t =∞. For s = 0 and d = 0,
we further obtain the boundary conditions,

− 1 = −1
τ
a0,0 − 2kfNba0,0 + ksba1,0 + kdba0,1 (6.18)

0 = −1
τ
a0,Nb − kdbNba0,Nb + kfa0,Nb−1, (6.19)

using (6.17) and the initial condition,

p0,0(0) = 1.

Thus we have the following set of conditions. For Nb > d > 0,

0 = −1
τ
a0,d − 2kf (Nb − d)a0,d − kdbda0,d + ksba1,d

+ kdb (d+ 1)a0,d+1 + kf (Nb − d+ 1)a0,d−1.

For T−1 > s > 0,

0 = −1
τ
as,0 − 2kf (Nb − s)as,0 − ksbsas,0 + ksb(s+ 1)as+1,0

+ kdbas,1 + kf (Nb − s+ 1)as−1,0.

For s = T − 1,Nb − T > d > 0,

0 = −1
τ
aT−1,d − 2kf (Nb − T + 1− d)aT−1,d

− (ksb(T − 1) + kdbd)aT−1,d + kdb (d+ 1)aT−1,d+1

+ kf (Nb − T − d+ 2)aT−2,d + kf (Nb − T − d+ 2)aT−1,d−1.
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For T > s > 0,Nb − s = d,

0 = −1
τ
as,Nb−s − (ksbs+ (Nb − s)kdb )as,Nb−s + kfas−1,Nb−s

+ kfas,Nb−s−1.

Using the stochastic simulation algorithm, we simulate the number of bound decoys and
miRNAs on a single mRNA (Figure 6.6), for particular values of the reversible and irre-
versible binding rates.

Computing the escape probability Pa

Irreversible binding ksb = kdb = 0

In the irreversible case (ksb = kdb = 0), we can compute the survival probability using the
method of [40], namely by summing probabilities over all trajectories starting from (0,0)
and leading to the repression state (T,m). We start by considering the path σ with n
bindings (T ≤ n ≤ Nb) for which the associated probability is

P (σ) =
(

1
2

)n n−1∏

i=0

kf (Nb − i)
kf (Nb − i) + 2/τ

. (6.20)

The number of these paths of length n is then

(

n− 1
T − 1

)

, since there are T bindings with

miRNAs including the last one. Thus, the probability to be repressed before exit, Pd, is
given by

Pd =
Nb∑

k=T

(

k − 1
T − 1

)(
1
2

)k k−1∏

i=0

kf (Nb − i)
kf (Nb − i) + 2/τ

. (6.21)

We use formula (6.21) in Figure 6.8 to plot and compare Pa as a function of T with
stochastic simulations and observe good agreement for different values of τkf . When
the exit time is large compared with the binding time (τ ≫ 1/kf ), we can approximate
kf (Nb−i)

kf (Nb−i)+2/τ = 1
1+2/(τkf (Nb−i)) ≈ 1 in (6.21) and thus obtain

Pd ≈
Nb∑

k=T

(

k − 1
T − 1

)

1
2k
, (6.22)

which can indeed be interpreted in the following way: Neglecting the probability to exit
(as τ the mean time to exit is large compared to the mean binding time 1/(kf (Nb− i)) to
either a decoy or miRNA), the Markov chain converges to a steady state distribution where
the number of bound decoys is binomial with parameters (Nb, 1/2). Thus, the probability
to be repressed is given by (6.22).

Reversible binding

In general, when there are both miRNAs and decoys with reversible binding, the escape
probability cannot be resolved analytically. However, using the stochastic simulation algo-
rithm, we obtain the escape probability, as shown in Figure 6.7. The simulation in Figure
6.7 reveals that the formula obtained in the irreversible case (red line) can be used to
approximate the escape probability for small values of τ (until τkf = 1).

Now that we have presented the two dimensional model for post-transcriptional regu-
lation of PTEN, let us introduce the one-dimensional model for RNAi in the cytoplasm.
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6.2.2 The RNAi model (d = kdb = 0).

We consider the case that there are no decoys in the system, which we study via the
process of RNAi in the nucleus.

Re-formulation of the probability density function

We present a model for the escape of an mRNA from the nucleus via small nuclear pores
before being degraded by siRNAs. The model accounts for multiple siRNA binding sites
of the mRNA. When the number of siRNAs, S, bound to an mRNA exceeds a given
threshold, T , the mRNA is considered to be degraded. When an siRNA occupies a site,
no other siRNA can bind. We assume that siRNAs are freely diffusing in the nucleus and
that siRNA-mRNA binding is irreversible. We compute the escape probability Pa that
an mRNA exits the nucleus intact, that is, it escapes through a nuclear pore before there
are T siRNAs bound. We characterize the mRNA by (6.2), with survival probability (6.6)
satisfying the Markov chain (see fig. 6.4)

d

dt
pSs (t) = −1

τ
pSs (t)− (N0 − s)kfpSs (t)− ksbspSs (t) + kf (N0 − s+ 1)pSs−1(t)

+ ksb(s+ 1)pSs+1(t),

with boundary conditions

d

dt
pST−1(t) = −1

τ
pST−1(t)− ksb(T − 1)pST−1(t)− kf (N0 − T + 1)pST−1(t)

+ kf (N0 − T + 2)pST−2(t)
d

dt
pS0 (t) = −1

τ
pS0 (t)− kfN0p

S
0 (t) + ksbp

S
1 (t)

d

dt
pST (t) = kf (N0 − T + 1)pST−1(t),

using the fact that the transition rate from state T to T − 1 is zero.

Figure 6.4: Markov chain diagram for the mRNA state (no decoys).

Computing the escape probability, Pa

Irreversible binding

In the irreversible case, ksb = 0, and defining the probability of an mRNA with s siRNAs
bound being found intact within the domain at any time, t, as

as =
∫ ∞

0
pSs (t)dt, (6.23)
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the Markov chain simplifies to, for 0 < s < T − 1,

0 = −1
τ
as − kf (N0 − s)as + kf (N0 − s+ 1)as−1, (6.24)

with aT = 0 and the boundary conditions given by

− 1 = −1
τ
a0 − kfN0a0 (6.25)

0 = −1
τ
aT−1 − kf (N0 − T + 1)aT−1 + kf (N0 − T + 2)aT−2 (6.26)

pST (∞) = kf (N0 − T + 1)aT−1.

Initially the mRNA is not bound by any siRNAs so pSs (t) = δsδ(t). The escape probability
is given by

Pa =
1
τ

T−1∑

k=0

as, (6.27)

while the conservation of probability leads to the relation

Pa + pST (∞) = 1. (6.28)

A direct solution of (6.24) and (6.25) gives, for s < T ,

as =
kf (N0 − s+ 1)

1/τ + kf (N0 − s)
as−1, (6.29)

where a0 =
τ

1 + kfNbτ
. Thus,

as = kkf
(N0)!

(N0 − s)!
s∏

j=0

1
1/τ + kf (N0 − j)

. (6.30)

Using (6.27) and (6.30), the probability that the mRNA escapes the domain intact is given
by

Pa(T,N0, x) =
T−1∑

s=0

xs
N0!

(N0 − s)!
s∏

j=0

1
1 + (N0 − j)x

, (6.31)

where x = τkf . In Figure 6.5, we plot the analytical solution of (6.31) compared to
simulations obtained with the SSA, for varying values of the parameter x = τkf , as a
function of the threshold, T. The excellent agreement supports the accuracy of the models
and analysis.

Reversible binding

In the reversible case, the Markov chain is given by

0 = −1
τ
as − kf (Nb − s)as − ksbsas (6.32)

+ ksb(s+ 1)as+1 + kf (Nb − s+ 1)as−1,
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Figure 6.5: Escape probability as a function of the threshold T (bound miRNAs)
no decoys. A: Comparison between simulations (square) and analytical formula (6.31)
(dotted line) in the irreversible binding case for different values of x = τkf = 0.1, 1, 10.B:
Same as in A, in the reversible binding case and with analytical formula (6.38). For each
value of T , we perform 1000 SSA simulations with N0 = 20 and kb = kf = 1

.

with boundary conditions given by

− 1 = −1
τ
a0 − kfNba0 + ksba1 (6.33)

0 = −1
τ
aT−1 − kf (Nb − T + 1)aT−1 − ksb(T − 1)aT−1 (6.34)

+ kf (Nb − T + 2)aT−2

pST (∞) = kf (N0 − T + 1)aT−1.

We note that (6.32) can be written as a tridiagonal matrix equation

M









a0

a1
...

aT−1









=









−1
0
...
0









, (6.35)

where M is the tridiagonal matrix

M =















α0 β1 0 . . . 0
γ1 α1 β2 0 (0)

0
. . . . . . . . . . . .

...
. . . . . . . . . . . . 0

... (0)
. . . . . . . . . βT−1

0 . . . 0 γT−1 αT−1















, (6.36)



6.2. Model formulation 137

with

βi = ksb i

γi = (N0 − i+ 1)kf

αi = −
(

1
τ

+ βi + γi+1

)

. (6.37)

Thus, the probability to reach the threshold, T , is given by

PT = kf (N0 − T + 1)aT−1 = −kf (N0 − T + 1)m−1
T1 , (6.38)

where m−1
ij = (M−1)ij for 1 ≤ i, j ≤ T . A direct computation gives

m−1
T1 =

(−1)T+1∏T−1
k=1 γk

θT
, (6.39)

where (θn)n∈N is a sequence satisfying a second order induction relation with polynomial
coefficients given by

θi = αi−1θi−1 − βi−1γi−1θi−2, (6.40)

with θ0 = 1 and θ1 = α0 [215]. Using the expression for αi, βi and γi, we obtain

PT (∞) =
kTf N0!

(N0 − T )!uT
, (6.41)

where the sequence un satisfies, for i > 0,

ui+1 =
(

1
τ

+ ksb i+ kf (Nb − (i+ 1) + 1)
)

ui + ksbkf i(N0 − i+ 1)ui−1,

with u0 = −1 and u1 = 1
τ + kfNb. However, the series un cannot be obtained explicitly in

a simple closed form. As a particular example, T = 3 gives

PT (∞) =
k̄f

3
N0(N0 − 1)(N0 − 2)

Q(k̄f , k̄sbN0)
, (6.42)

where

Q(k̄f , k̄sb , N0) = 1 + k̄f
∑

0≤i≤2

(N0 − i) + k̄f
2 ∑

0≤i6=j≤2

(N0 − i)(N0 − j)

+k̄f
3
N(N0 − 1)(N0 − 2) + k̄sb [3 + 2k̄sb + k̄f (2N2

b

+2k̄fNb(Nb − 1) + 5Nb − 6)].

and

k̄f = kfτ and k̄sb = ksbτ. (6.43)
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6.3 Results for RNAi and PTEN dynamics

6.3.1 RNAi

Figure 6.5B shows the good agreement of the analytical expression (6.38) with the results
of the SSA. Compared with irreversible binding (ksb = 0), the survival probability is not
much affected by values of the escape time, τ , when τ is small compared to the chemical
times 1

ks
b

and 1
kf

(Figure 6.5A and B for τkf = 0.1). Indeed, when the escape time is short
compared to the binding and unbinding times, the miRNAs have generally no time to
unbind before the mRNA exits. However, as the escape time, τ , increases, the number of
bound miRNAs increases and thus unbinding affects the probability of absorption (Figure
6.5A and B for τ = 1 and 10). This changes become clearly apparent for a high threshold
value. Thus unbinding can delay the time to reach the threshold, enabling the mRNA to
escape with higher probability than in the irreversible case.

6.3.2 PTEN

In Figure 6.6, we use the stochastic simulation algorithm to simulate the number of bound
decoys and miRNAs on a single mRNA for varying reversible and irreversible binding rates.
In Figure 6.7, for increasing escape time, τ , unbinding events decrease the probability

Figure 6.6: Stochastic simulation of the dynamics of binding and unbinding to mRNA,
for Nb = 20, τ = 50s, kf = 0.05s−1 and T = 10. A: Irreversible case. B: Reversible case
with ksb = kdb = 0.5s−1.

of escape (for intermediate values of T ). Dramatic differences appear for a threshold of
T = 11 and Nb = 20 (Figure 6.7) leading to a two-fold increase in the probability of escape
for the irreversible case (≈ 0.6) compared to the reversible case (≈ 0.3)). This effect is
hard to predict, as both decoys and miRNAs unbind. The histogram of the number of
bound miRNAs before the mRNA exits is given in Figure 6.6 (right) for different values
of T . In Figure 6.8, we compare Pa(T ) (obtained from formula (6.21)) as a function of T
with stochastic simulations. We obtain very good agreement for different values of τkf .
Figure 6.9(a) and Figure 6.9(c) are repetitions of Figure 6.5B and Figure 6.8, respectively,
for a greater number of values of the escape time, τ . They show the escape probability
as a function of the threshold T (bound miRNAs) for the reversible RNAi problem (no
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Figure 6.7: (a) The escape probability as a function of the threshold, T , of bound miRNAs.
Probability of escape (squares) for different values of τ in the reversible PTEN case,
compared to the probability of escape in the irreversible PTEN case (red) for Nb = 20
and kf = 1. (b) Histograms of the number of miRNAs bound to an mRNA before exit
for different values of the threshold, T . Parameters: 1000 SSA simulations for Nb = 20,
kf = 1, ksb = kdb = 0.5.
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Figure 6.8: Escape Probability as a function of the threshold T in the irreversible
case (ksb = kdb = 0): (6.21) and the SSA (square) agree for several values of τkf . 1000
SSA simulations, N0 = 20 and kf = 1

decoys) and the irreversible PTEN problem (miRNAs and decoys).
Figure 6.9(b) shows the threshold value, T , as a function of the escape time, τ , for

the escape probabilties Pa = 0.25, 0.5, 0.75 and 0.95. When the escape time, τ , is small
compared to the forward and backward binding reaction times, 1

ks
b

and 1
kf

, respectively,

the threshold value needed to observe a 95% probability of escape before repression, i.e.
Pa = 0.95, does not vary much compared with the threshold value needed to observe a
25% chance of repression. This threshold difference increases until a maximum at τ = 1,
when the escape time and the binding reaction times are equal, and then decreases slowly
for large τ . This supports the idea that when the escape time is short compared to the
forward and backward binding reaction times, the miRNAs have generally no time to
unbind before the mRNA exits, regardless of the threshold number of miRNA bindings
needed for repression. However, as the escape time, τ , increases, the number of bound
miRNAs increases and thus the threshold number of bound miRNAs needed for repression
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Figure 6.9: Left column: Escape probability, Pa, as a function of the threshold, T , for a
variety of escape times, τ . Right column: Threshold as a function of escape time for a
variety of escape probabilities (solid lines), and the change in threshold value, ∆t, from
Pa = 0.25 to Pa = 0.95 (red dotted line).

begins to affect the probability of escape. This effect decreases as the escape time increases
further still, as the threshold value is more and more likely to be reached before the mRNA
can escape, so we see a decrease in the threshold difference needed to observe a 95%
compared to a 25% chance of escape before repression.

As we can see in Figure 6.9(d), this effect is also present in the case of decoys with
irreversible binding, but to a lesser extent. We see a lower maximum threshold difference
at τ = 1 and a more gradual decline for τ > 1. This shows that the threshold value has
more of an effect on the probability of escape for large τ than for the case of irreversible
binding with miRNAs alone, as decoys block the binding sites and are unable to unbind
from these sites, making the threshold harder to reach, even when the mRNA remains in
the domain for longer due to a reduced escape time.

These results support the results obtained for the case of both decoys and reversible
binding, shown in Figure 6.7A. When the escape time, τ , is large, we see that unbinding
events lower the probability of escape as decoys can now unbind, thereby increasing the
likelihood of the threshold value being reached. This reduces the effects of decoys on the
escape probability, and so we see an increase in the effect of T on Pa, similar to that which
is observed in the case of reversible binding alone (Figure 6.9(b)).
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6.4 Conclusion

We have presented a mathematical framework for studying the stochastic repression of
mRNA by siRNAs/miRNAs as a function of elementary parameters such as the threshold
to repression, T , the number of binding sites, Nb, and the various kinetics parameters.
When the siRNA/miRNA can unbind, we found that the probability of escape is decreased
compared to irreversible binding. The present approach can be used to obtain precise
estimate for the number of siRNAs/miRNAs needed for specific genetic regulation.

Further to this, we have also shown the same effect of decreased probability of escape
with the inclusion of decoys via the post-transcriptional regulation of PTEN. There is,
however, another type of molecule that is known to play a role in post-transcriptional reg-
ulation of PTEN, known as competing endogenous RNAs (ceRNAs), or ‘sponges’. It has
been proposed in several studies (e.g. [54, 158]), and experimentally validated in several
others (e.g. [202, 208], that RNAs that share miRNA binding sites may compete for a
shared pool of miRNA. This group of sponge modulators act by soaking up miRNAs, leav-
ing fewer miRNAs to bind to their intended target mRNA. This causes an up-regulation
in translation of the target gene, as translational repression is down-regulated. One con-
firmed sponge, discovered by Poliseno et al. in 2010 [158], is the PTEN pseudogene,
PTENP1. Inclusion of sponge modulation is just one possible extension of the current
model that we will explore in future work.

Finally, it is well known that the behaviour of molecules in a cell depends not only on
the number of molecules present, but also on the distribution of these molecules within the
cell and how they move and interact with each other [3]. Processes such as target binding
by a siRNA/miRNA may be spatially-dependent; an siRNA/miRNA may find its target
site faster, or slower, depending on its initial distance from the target and the mechanism
by which it moves through the cell. We are currently developing a spatial, cellular au-
tomaton model of the system, and will use this to study how spatial heterogeneity affects
the probability of mRNA escape before repression by direct comparison with our models
in this study.
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divisions
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est telomere as the major determinant of the onset of replicative senescence", Genetics,
194 (4)

The absence of telomerase in many eukaryotes leads to the gradual shortening of
telomeres, causing replicative senescence. In humans, this proliferation barrier constitutes
a tumor suppressor mechanism and may be involved in cellular aging. Yet, the hetero-
geneity of the senescence phenotype has hindered the understanding of its onset. Here we
investigated the regulation of telomere length and its control of senescence heterogeneity.
Because the length of the shortest telomeres can potentially regulate cell fate, we focus on
their dynamics in Saccharomyces cerevisiae. We developed a stochastic model of telomere
dynamics built on the protein-counting model, where an increasing number of protein-
bound telomeric repeats shift telomeres into a non-extendable state by telomerase. Using
numerical simulations, we found that the length of the shortest telomere is well separated
from the length of the others, suggesting a prominent role in triggering senescence. We
evaluated this possibility using classical genetic analyses of tetrads, combined with a quan-
titative and sensitive assay for senescence. In contrast to mitosis of telomerase-negative
cells, which produces two cells with identical senescence onset, meiosis is able to segregate
a determinant of senescence onset among the telomerase-negative spores. The frequency
of such segregation is in accordance with this determinant being the length of the shortest
telomere. Taken together, our results substantiate the length of the shortest telomere as
being the key genetic marker determining senescence onset in S. cerevisiae.

7.1 Introduction

Telomeres constitute essential nucleoprotein structures at the ends of chromosomes. In
eukaryotes, they are composed of a variable number of short TG-rich tandem repeats run-
ning from the 5’ to 3’ ends, often protruding in a 3’-overhang and coated with specialized
proteins. Telomeric repeats are specified by the RNA moiety of a cellular reverse tran-
scriptase, telomerase, that synthesizes de novo telomeric sequences for their maintenance
[15, 24]. In the absence of this enzyme, the progressive shortening of telomeres ultimately
leads to a cell cycle arrest, a pathway called senescence. One major function of telomeres
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is to prevent the cellular machinery from recognizing the chromosome ends as accidental
DNA breaks [98]. Indeed, disruption of telomeric structures leads to chromosome fusions
and genomic instability. Despite this essential conserved function, telomeres display a
striking variability in their length, the dynamics of which is not well understood. Further-
more, while telomere shortening is observed in the absence of telomerase, how telomere
length determines senescence remains elusive.

Senescence was first described in human fibroblasts cultured ex vivo as a proliferative
limit for cells, despite their being metabolically viable [80]. While other types of stimuli
can similarly limit proliferation, telomere attrition is one of the best characterized stimuli
and may contribute to aging in some human tissues [22, 99]. Importantly, this mechanism
has been considered one of the most potent barriers to cancer cell proliferation in the early
stages of tumorigenesis. In Saccharomyces cerevisiae, in the absence of telomerase, the
set of 300- to 350-bp-long telomeres shortens at a rate of 3-4 bp per cell division while
cells progressively lose their viability [119, 127, 228]. This cell cycle arrest is modulated
by Tel1 and dependent on Mec1, the yeast orthologues of the mammalian checkpoints
ataxia telangiectasia mutated (ATM) and ataxia telangiectasia- and Rad3-related (ATR)
phosphatidylinositol 3-kinases [57, 95, 172]. Since their activation is also involved in
mammalian senescence [38], this suggests a conservation of the early steps of the cellular
response to short telomeres. The current model is that as telomeres shorten, they lose
components that prevent them from being recognized as an accidental DNA break and
subsequently activate ATM/ATR pathways [38].

One striking characteristic of replicative senescence is its intrinsic heterogeneity. In-
traclonal and interclonal variations have been observed in the proliferative potential of
human fibroblasts as well as in yeast [119, 172, 197], suggesting that stochastic processes
may be at play. For instance, telomeres could themselves acquire, in a progressive and
stochastic manner, a senescence-signaling state as they shorten [14]. Along this line, the
length of the shortest telomeres, rather than the mean telomere length, would dictate
cell fate. Short telomeres were shown to trigger senescence in mammals [82, 240] and
we previously demonstrated in S. cerevisiae that introducing a single very short telomere
accelerated senescence in a telomerase-negative context and triggered senescence signal-
ing, e.g. the recruitment of both Tel1 and Mec1 [2]. However, the appreciation of the
relevance of this finding has been limited by the lack of information on the distribution of
native telomere lengths in wild-type S. cerevisiae cells. On the other hand, in mammalian
cells, mitochondrial dysfunction may also affect telomere-dependent senescence, and con-
versely telomeric signals may induce mitochondrial failure [154, 177]. More generally, this
perspective points to a complex picture where metabolic and DNA damage (including
telomere attrition) pathways interact to induce senescence [178]. Thus, in order to as-
sess the relative contribution of short telomeres to senescence and their interference with
other pathways, knowledge on the telomere length distribution within a cell emerges as
an indispensable step.

In S. cerevisiae and mammals, shorter telomeres have a higher probability of being
elongated by telomerase than longer ones [18, 82, 210]. A protein-counting mechanism
has been proposed to explain this telomere length regulation [121, 128, 217]. In S. cere-
visiae, this mechanism rests on the coating of telomeric repeats by the protein Rap1,
which, through its interaction with the Rap1-Interacting Factors Rif1 and Rif2, inhibits
telomerase elongation [79, 128, 232]. Telomerase inhibition depends on the number of
these factors, which in turn depends on telomere length. Then, elongation of shortened
telomeres by telomerase holoenzyme involves a telomeric protein, Cdc13, and part of the
machinery of DNA damage response [228]. The number of Rap1/Rif1/Rif2 would there-
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fore create a telomere-length-dependent negative feedback loop for the recruitment and/or
activity of telomerase, theoretically maintaining telomere length distribution within con-
trolled bounds. It is not clear, however, whether this mechanism is sufficient to account
for the homeostasis of telomere length and to explain the dynamics of telomere length
distribution.

Here, we studied the dynamics of telomere length by integrating the underlying protein-
counting mechanism into a stochastic model. The model predicts a skewed distribution
for telomere length that we experimentally validated by measuring the length of identified
single telomeres. The distribution predicts a significant gap between the shortest telomere
and the others. To test the significance of this gap in senescence, we compared senescence
onsets of pairs of telomerase-negative cell lineages separated by either a mitosis or meiosis
event. We found that meiosis segregates a major determinant of senescence onset, while
mitosis leads to an identical senescence phenotype in the two cell lineages. Therefore,
we propose that the length of the shortest telomere in the cell, rather than telomere-
independent stochastic events, determines replicative senescence onset in S. cerevisiae.

7.2 Results

7.2.1 Experimental validation of the theoretical telomere length distri-
bution.

The comprehensive understanding of the impact of short telomeres on the onset of senes-
cence in S. cerevisiae has been hampered by the lack of knowledge of the actual telomere
length distribution within cells. We therefore modeled the distribution of telomere lengths
using the current knowledge on the regulation of telomere length homeostasis. We mod-
eled the length of a single telomere after n divisions. In S. cerevisiae, the opposing effects
of constitutive shortening and elongation by the telomerase holoenzyme regulate telomere
length (Fig. 7.1A). Thus, in our model, a telomere of length Ln can either be elongated
by telomerase by length b (number of nucleotides added by telomerase) with a probability
P (Ln), which depends on the telomere length, or be shortened by length a (shortening
rate) with probability 1− P (Ln). Thus, the dynamics for Ln+1 is

Ln+1 =

{

Ln − a w.p. 1− P (Ln)
Ln + b w.p. P (Ln)

, (7.1)

where a is obtained from the empirical mean shortening rate of ≈ 3 − 4 base pairs [119,
127, 147, 195]. Because telomerase processivity does not correlate with telomere length
[210], we considered that the elongation length b is a random variable, independent of the
telomere length and its probability follows a geometrical law (Pr{b = k} = p(1− p)k ) of
parameter p. The parameter p was obtained by fitting the cumulative distribution function
of empirical elongation lengths [210] (Fig. 7.7 and 7.7 in section 7.4). To approximate
the probability P (Ln), we used the empirical elongation frequency obtained for various
telomere lengths [210], which is valid for telomeres longer than ≈ 100 bp, as in telomerase-
positive cells. We fitted it with the function

P (Ln) =







1
1 + β(Ln − L0)

if Ln ≥ L0

1 else
, (7.2)
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where β and L0 are fitting constant parameters (Table 7.1 and Fig. 7.7A). Expression 2
was inferred from the biochemical process described in figure 1A and in the SI Material and
Methods section. Since the probability P (Ln) is fitted to experimental data, it accounts
for any coupling between telomeres. For instance, it captures the possibility that a change
of length of some telomeres affects the length of a single one due to a competition for a
common resource, e.g. telomerase.

We used equation 7.1 to simulate a population of independent telomere lengths. To
visualize the behavior of these telomeres over time, we plotted the dynamics of ten inde-
pendent telomeres (Fig. 7.1B). Each telomere can undergo successive rounds of shortening
(black arrow in Fig. 7.1B) and then be elongated by a random length b (gray arrow in
Fig. 7.1B). The choice between shortening and elongation is controlled by the probability
P (Ln)(see equation 7.1 and 7.2). We simulated 100,000 independent such telomeres start-
ing with a uniform initial distribution and found that the overall distribution converges to
a steady state (Fig. 7.1C), with the following characteristics: mean ± standard deviation
= 342 ± 101 bp, skewness = 0.75, and peak around 310 bp.

7.2.2 Experimental validation of the theoretical telomere length distri-
bution.

To validate the distribution obtained from our numerical simulations, we measured the
length of single telomeres in wild-type (telomerase-positive) haploid yeast clonal culture by
single-telomere Southern blot. For this purpose, we identified restriction sites (correspond-
ing to NdeI, BstEII, and BstNI enzymes) that cut close to the telomeric repeats (<1.5
kb) and designed specific fluorescent-labeled oligonucleotide probes for a set of identified
and unique telomeres, mostly X-element-only ones (see SI Material and Methods and Ta-
ble S1). For any single telomere, differences in length were observed among independent
clones, as shown in figure 1D for the VI-R and the I-L telomeres. We could also notice
that there was no obvious correlation between two different telomeres in their respective
interclonal length variations, indicating independent length regulation among telomeres
(Fig. 7.1D, for instance, compare VI-R and I-L telomere signals for clones 4, 5, and 6). To
further confirm that the signals corresponded to telomeres, we also performed the analysis
on tlc1∆ cells, which lack the essential RNA component of telomerase [195], and observed
a smear that decreased in size with increased population doublings (Fig. 7.1E and S2).
The mean shortening rate we measured was 3.2 bp per generation, consistent with others’
results [119, 127, 147, 195].

We plotted the telomere length distribution of all the single telomere measurements
of telomerase-positive cells and the resulting mean plus or minus the standard deviation
was 341 ± 41 bp, with skewness = 0.73, and peak around 325 bp (Fig. 7.1F). The dis-
tribution was more peaked than the simulated one (Fig. 7.1C). Indeed, as we needed
a sufficient amount of DNA starting with a single cell (48h), each initial telomere went
through roughly 30 rounds of replication. Because the mean length of each telomere in
the cell population converges towards the equilibrium length during this period, the dis-
tribution of the telomere length measurements in this experiment setting is expected to
be more concentrated than the initial distribution. To compare this experimental distri-
bution with the simulated one, we randomly picked telomere lengths from the simulated
distribution (Fig. 7.1C). Each of these lengths was used as initial condition for the next
step: we simulated 1000 trajectories with the stochastic model and averaged them to re-
produce telomere length change induced by cell growth in liquid culture. Fig. 7.1F shows
the distributions after 20, 30,..., 70 divisions compared with the experimental data. There
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was no statistical difference between the simulations of 20, 30 and 40 divisions and the
experimental data (p = 0.17, 0.066, and 0.14, respectively). After 50, 60 and 70 divisions,
however, the experimental and numerical distributions diverge (χ2 goodness-of-fit test, p
= 0.054, 0.054, and 0.012, respectively).

Table 7.1: Parameters

Parameter Estimated value

p 0.026 extracted from [210]
β 0.045 extracted from [210]
L0 90 bp extracted from [210]
a 3 or 4 with probability 0.5

Therefore, our simulated distribution was in good agreement with the experimental
distribution of telomeres in a single cell (Fig. 7.1C and 7.1F). We thus consistently found
the distribution of telomere lengths by both modeling and experimental measurements of
single telomeres.

7.2.3 Sensitivity of the model to variations in the parameters.

To evaluate the impact of various parameters of the model, we first compared the steady-
state distributions of telomere length by iterating equation 7.1 (Fig. 7.2A) 500 times on
10,000 independent telomeres using different values for the shortening rate < a >, the
mean of telomerase processivity < b >, and the elongation probability parameter β(Fig.
7.2). We observed that both the mean and the standard deviation of the telomere length
distribution were highly sensitive to the shortening rate < a >(Fig. 7.2B). We also found
an increased positive skewness with increasing shortening rates, which correlated with a
decreased and stabilized mean length. In our model, a shortening rate of ≈ 3-4 bp per
division would be consistent with the experimentally determined mean telomere length
and with the experimental distribution in general.

We then assessed the contribution of telomerase processivity (Fig. 7.2C). The mean
length of telomere distribution was linearly correlated with telomerase processivity and no
change in skewness could be observed, indicating that telomerase processivity has a role
only in setting the mean telomere length and does not contribute to the asymmetry of the
distribution.

To study the effect of different elongation probabilities, we changed the parameter β,
which expresses the equilibrium between telomere extendable and non-extendable states.
Our simulations showed that this value had to be tightly controlled (around the measured
value from data in [210]) if the mean length of telomeres was to be maintained, as slight
variations strongly impacted the distribution and the mean (Fig. 7.2D and E, compare
distributions for P = 0.075, P = 0.09, P = 0.125).

Interestingly, the mean of the distribution can be computed for the parameters of the
model: the mean shortening rate < a >, the mean processivity < b >= 1−p

p , and the
parameter β. We obtain from equation 7.1 the mean equilibrium length L∞ = L0 +
1
β

(
1−p
<a>p − 1

)

. This expression confirms the simulations of Fig.7.2.
While telomere distribution was quantitatively sensitive to the variations of parameters

(Fig. 7.2), the simulations always converged and resulted in biologically relevant distribu-
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Figure 7.1: Telomere length distribution by simulation and single-telomere
Southern blot. (A) The protein-counting mechanism is based on Rap1/Rif1/Rif2 bind-
ing to telomeric repeats and an inhibition of telomerase elongation depending on the
number/concentration of these complexes. (B) Trajectories of 10 independent telomeres
over 100 divisions. (C) Telomere length distribution at equilibrium. Equation 1 was
iterated 500 times starting with 100,000 telomeres drawn from an uniform distribution
between 200 and 400 bp (bin size =3 bp). (D) Representative single-telomere Southern
blot. (E) Single-telomere Southern blot performed on telomerase-positive (wild-type, WT)
or negative (tlc1∆) cells. TLC1/tlc1∆ diploid cells were sporulated, and the four spores
from a tetrad were grown for 24 h on a plate and then in liquid YPD medium for the to-
tal indicated population doublings (PD). (F) Comparison of experimental and simulated
data of telomere length distribution. Plot of 117 experimental measurements of telomere
length from single-telomere Southern blot as in (D) (black line, bin size = 20 bp) and
simulated values (colored lines) for 20, 30,..., 70 divisions: after drawing randomly 1000
initial lengths from the theoretical distribution in (C), we applied for each of this length
the dynamics of equation 1 to 1000 telomeres and recorded the mean.
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tions (for instance, the mean length was always in the range 200-550 bp), highlighting the
robustness of the model.
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Figure 7.2: Impact of the model parameters on telomere length distribution.
(A) Influence of the shortening rate. The distribution was simulated as in figure 1C,
for different values of the mean shortening rate(see equation 1), with 10,000 simulations.
Control value of 3.5 bp is indicated by *. Boxes represent the interquartile range (25th-75th
percentiles, median indicated by horizontal line) of the distribution, and whiskers extend
to the 5th and 95th percentiles. (B) Influence of telomerase processivity. We proceeded as
in (A), but for different values of < b >, the number of nucleotides added per elongation.
Control value of 38.6 bp indicated by *. (C) The probability of elongation was plotted
as a function of the telomere length for different values of the ratio β, which reflects
the biochemical equilibrium between elongation and shortening of telomeres. Control
distribution of figure 1C for value P(300) = 0.09, inferred from data in [210], is indicated
by *. (D) Influence of the probability of elongation on telomere length distribution. We
proceeded as in (A), but for different values of the parameter β chosen as in (C). Telomere
length distributions are shown as a function of the probability of elongation at 300 bp.

7.2.4 The dynamics of telomere length results from the protein-counting
mechanism

We studied the dynamics of telomere length by simulation and compared it to data from
[127], where the elongation of a short telomere or the shortening of a long one was measured
over many population doublings. First we set a telomere at 140 bp and ran simulations
until generation 100 in the presence of telomerase. By averaging this procedure over
10,000 runs, we found that the telomere length increased and converged exponentially to
the mean of the stationary distribution (= 342 bp) (Fig. 7.3A), with a rate of convergence
µ = 0.89 (Fig. 7.3A). This linear convergence is in good agreement with the experimental
linear dynamics observed previously (with an empirical rate µ = 0.926, [127]). Then
we studied the dynamics of a long telomere returning to a normal length. In another
set of numerical simulations, we let a long telomere of 600 bp evolve in the presence of
telomerase and analyzed the average of 10,000 runs (Fig. 7.3B). Strikingly, we reproduced
the characteristic two-phase profile of the plot in [127], with a linear decrease in the first
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phase and a "fine-tuning phase" as the length was closer to the wild-type length. We
calculated the initial shortening rate in the first phase and found a value of 2.1 bp per
generation, as compared to 2.1 or 2.3 bp per generation measured in the presence of
telomerase [127]. Interestingly, these values are lower than the shortening rate in the
absence of telomerase (≈3-4 bp per generation), both experimentally and by simulations.
In our model, this is explained by the fact that elongation by telomerase occurs even for
long telomeres, albeit at a low frequency (0.004-0.007), which contributes to an effective
lower shortening rate. Therefore, the model closely reproduced the experimental dynamics
of telomeres.

Figure 7.3: Simulation of telomere length dynamics. (A) Starting with an initial
length of 140 bp, the dynamics of a short telomere return to steady-state length was
simulated. The plot shown is an average over 10,000 simulations. (B) Dynamics of the
shortening of a long telomere in the presence of telomerase. Same procedure as in (A),
starting from an initial length of 600 bp.

7.2.5 How short is the shortest telomere?

Because the shortest telomeres could potentially initiate senescence signaling, we investi-
gated their dynamics in the presence of telomerase. From the stationary distribution of
telomere length, we drew 32 values for the 32 telomeres and repeated it 10,000 times. The
numerical simulations revealed that the mean lengths of the four shortest telomeres were,
respectively, 180 ± 24, 202± 21, 217 ± 20, and 229 ± 20 base pairs (Fig. 7.4A). The
shortest telomere was on average 22 bp shorter than the second one and 162 bp shorter
than the mean over all telomeres. In another simulation, we focused on the dynamics of
the shortest telomeres in the presence of telomerase by tracking the length of the four
shortest telomeres over time (Fig. 7.4B). We observed that the length of the shortest
telomere varied considerably compared to that of the others. The gap between the short-
est telomere and the others was the most prominent, even though it was not observed
at all time points. Considering that in the absence of telomerase, telomeres shorten at
a global constant rate, we expect that this gap will be maintained in most cells during
replicative senescence. Hence, the length of the shortest telomere is expected to be set in
each cell during the last cell division before telomerase removal and to vary considerably
from cell to cell. We thus showed that the shortest telomere is well-separated from the
other telomeres, with a significant variance that may lead to an heterogeneity in triggering
senescence.
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Figure 7.4: Distribution of the shortest telomeres in the presence of telomerase. (A) From
the stationary distribution in figure 7.1C, 32 lengths were randomly drawn. This draw
was repeated 10,000 times, and the distribution of the four shortest telomeres was plotted
(bin size = 3 bp). The distribution of all telomeres from figure 7.1C is reproduced as a
dotted line for comparison. (B) Representative dynamics of the four shortest telomeres in
a given cell over 400 divisions. The lengths of 32 telomeres were simulated and the four
shortest ones were tracked over time.

7.2.6 Mitosis in the absence of telomerase produces two cell lineages
with similar senescence.

We then explored the possibility that a specific telomere, possibly the shortest, causes the
senescence onset heterogeneity found in telomerase-negative independent clones. Varia-
tions in senescence onset in sister TLC1-deficient spores derived through sporulation from
TLC1/tlc1∆ diploids have been described before [172]. This indicated that a senescence
onset determinant is segregated during meiosis. This determinant could be the set of
telomeres that are differentially segregated among the spores in meiosis [221]. Therefore,
we first tested whether cells possessing a similar set of telomeres would behave similarly
during senescence. We compared senescence kinetics in pairs of cells derived from a mitosis
event after telomerase removal (mother and daughter cells) (Fig. reffig5chap4A). We let
a tlc1∆ spore divide once, separated the two cells by microdissection, and analyzed their
respective senescence. To detect subtle differences in senescence rates, we optimized a spot
assay we had developed previously [2] (Fig. reffig5chap4A). As shown for a representative
pair in figure 5A, mitosis did not generate differential senescence in the resulting mother
and daughter cell lineages. This result was reproduced in eight independent experiments
and there was no statistical difference at any passage between mother and daughter cell
lineages (p > 0.1 for all pairs at any passage, Student’s unpaired t-test). From this exper-
iment, we inferred that (i) the spot assay was not sensitive enough to discriminate slight
differences in senescence that could result from telomere length differences generated dur-
ing a mitotic event, supposedly a 3’-overhang length difference (≈10 nt); and that (ii)
if telomere-independent events affecting senescence rates did occur, then they did so at
similar frequencies in the mother and daughter cell lines.

7.2.7 Meiosis segregates a determinant of senescence.

We then studied replicative senescence heterogeneity among tlc1∆ sister spores derived
from a TLC1/tlc1∆ diploid using our assay to rate senescence. Quantitative analysis of
35 tetrads was performed and two types of tetrads were found, as illustrated in figure 5B:
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Figure 7.5: Meiosis, in contrast to mitosis, segregates a senescence determinant.
(A) After sporulation, TLC1/tlc1∆ tetrads were dissected and tlc1∆ spores were allowed
to undergo one division. The mother and daughter cells were then separated and grown for
2 days. Each resulting colony was then spotted in eight replicates with 10-fold dilutions
and grown for 2 days. Each replicate was individually passaged two more times. One
representative spot assay of a pair of mother (bordered in blue, M) and daughter (bordered
in red, D) cells is shown. In the lower panel, senescence indices are represented as boxplots
(see SI). Overall, n = 8 independent experiments. (B) Representative examples of spot
assays for differential or similar senescence for the two tlc1∆ spores of a tetrad. Boxplot
representations of the senescence index and raw pictures of the spot assays for three
passages are shown. The two tlc1∆ spores are depicted in blue and red, TLC1 spores are
in black. Overall, n = 35 tetrads were analyzed

one for which the two tlc1∆ spores displayed similar senescence onsets (Fig. 7.5B, right)
and one for which they had different senescence onsets (Fig. 7.5B, left). The latter type
represented 71% of tetrads (Fig. 7.6), since significant differences in the senescence index
of the two tlc1∆ sister spores were found in 25 out of the 35 tetrads (p < 0.05 at the
second or third passage, Student’s t-test). This demonstrated that, in contrast to mitosis,
meiosis segregates a determinant of senescence onset. Since our diploid is a homozygote
except for the telomerase RNA gene locus, we hypothesized that this determinant stems
from the telomere set, which is different in each of the four spores of the tetrads. Other
possibilities include imprinting or other epigenetic phenomena.

7.2.8 The shortest telomere as the major determinant of senescence
onset

We reasoned that the ratio of tetrads in which the two tlc1∆ spores display different
senescence to the total number of tetrads is indicative of how senescence onset is controlled:
this ratio should vary with distinct hypotheses. We explored the simple hypothesis that the
length of a specific telomere, probably the shortest telomere, segregated during meiosis, is a
dominant "allele" setting the onset of senescence and estimated the theoretical segregation
of this telomere using classical tetrad analysis.

While the following reasoning equally works for any specific telomere, we apply it to the
shortest telomere, which is arguably the best candidate for being the signaling telomere. In
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Figure 7.6: Experimental and theoretical ratios of tetrads in which sister telomerase-
negative spores display different/similar senescence. "Control by a single telomere" refers
to hypothesis 1 of SI Text, "Control by two telomeres" to hypothesis 2, and "Result" is the
experimental ratio obtained from meiosis segregation experiments as shown in Fig. 5B.
(*) indicates a statistical difference (p = 0.0025) using Pearson’s χ2 goodness-of-fit test.

the TLC1/tlc1∆ diploid, at prophase I, there are 128 telomeres that have just replicated. If
we first neglect the difference in length of the two sister chromatid telomeres (see below), we
can consider 64 telomere lengths (each corresponding to two sister chromatid telomeres).
These 128 telomeres segregate between the four spores with one major rule: that sister
chromatid telomeres cannot fall into the same spore. Because the distance centromere-
telomere is the largest in a chromosome arm, meiotic recombination systematically shuffles
telomeres between homologous chromosomes, resulting in telomeres randomly distributed
among the four spores. We then analyzed how telomeres differentially fall into the two
tlc1∆ sister spores, taking into account that the TLC1 locus is genetically independent
from telomeres (see SI Text for more details). If the shortest telomere controls senescence
onset, then calculations point out that the shortest telomere in each of the two tlc1∆ spores
resulting from meiosis is different in length in about 80% of the tetrads (Fig. 7.6, see SI
Text for more details). If this hypothesis does not hold true, a minimal postulate would
be that senescent cells cannot distinguish between the shortest and the second shortest
telomeres. In this scenario, the ratio of tetrads in which different senescence between the
two tlc1∆ spores is observed to the total number of tetrads should drop down to around
46% (Fig. 7.6). Other hypotheses would result in even lower ratios. For instance, if
the mean telomere length determined senescence onset, then all tetrads would display the
same senescence for their two tlc1∆ spores (0% of different senescence for the two tlc1∆
spores). This is, however, not the case.

Two phenomena are expected to modulate the calculated ratios. First, it is not known
if telomerase acts after the pre-meiotic semi-conservative DNA replication and, if so, if it
acts in only one of the two sister chromatids. If it does, then the 80% ratio should slightly
increase (we estimated this increase at about 2%; see SI Text). Second, differences in
senescence that are below the sensitivity of the assay are not accounted for, resulting in
any experimental value being an underestimation of the ratio.

The 71% ratio we experimentally obtained was significantly different from the 46% ratio
(χ2 goodness-of-fit test, p = 0.0025) and could not be statistically distinguished from the
80% ratio (χ2 goodness-of-fit test, p > 0.2) (Fig. 7.6). Therefore, we concluded that (i) the
length difference between the shortest and the second shortest telomeres predicted from
simulations was frequently large enough for the spot assay to detect differences between
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the resulting senescence onsets; and that (ii) our results were consistent with the shortest
telomere controlling senescence as a dominant allele.

7.3 Discussion

This study investigates the relationship between telomere length regulation, telomere
length distribution and senescence onset. We combined mathematical modeling and nu-
merical simulations with experimental data to address this issue in S. cerevisiae. We
accounted for the molecular regulation of telomere length using a model that reveals the
stochastic dynamics of telomere length. The predicted length distribution of the shortest
telomere, together with genetic evidence on the segregation of a senescence determinant in
meiosis, highlights a key role for the shortest telomere in governing senescence initiation.

7.3.1 A stochastic study of telomere length distribution and dynamics.

Previous mathematical models on telomeres focused on how telomeres shorten in mam-
malian cells within a telomerase-deficient cell population and provided significant insights
into the role of capping states and external stress conditions, the molecular dynamics of
telomere shortening and the variability of senescence onset [7, 107, 114, 162, 148, 163, 174,
206]. In addition, one of these studies built on the t-loop structure as the molecular basis
of its model, a structure that has been observed in many eukaryotic telomeres [72, 174] but
not in S. cerevisiae. This study gave novel insights into telomere length regulation dynam-
ics in the presence of telomerase and could fit experimental telomere length distribution
in senescence.

Here, we based our stochastic model on well-established molecular mechanisms un-
derlying telomere length homeostasis in the presence of telomerase in S. cerevisiae. The
stochastic equation 1 accounts for two sources of fluctuations. First is the choice, at each
division, to increase or not the telomere length with a probability. Second, once this choice
is made, the length of elongation b is also a random variable, which follows a geometrical
law. We could predict the steady-state distribution for telomere length. The asymmetry
of the distribution, as revealed by the positive skewness, is indicative of the preferential
elongation of short telomeres by telomerase. Indeed, the sharper slope on the left of the
distribution, corresponding to shorter telomeres, results from the high probability of their
"rescue".

We experimentally confirmed the distribution we simulated by measuring the lengths of
many single telomeres. While telomere length distribution is experimentally documented
in humans thanks to Q-FISH experiments that allow for the measurement of single native
telomeres [23, 130], to our knowledge there are no such studies in budding yeast because
of technical issues. We thus developed and optimized a single-telomere Southern blot to
provide direct data on telomere length distribution.

Our model was also consistent with data on telomere dynamics published in [127]
where they analyzed how a single short or long telomere returns to a wild-type length in
the presence of telomerase. Moreover our simulations showed a significant contribution
of elongation events in buffering the shortening of a long telomere in the presence of
telomerase. Our modeling approach was thus able to predict telomere length distribution
and reveal a biological impact of telomerase in the elongation of long telomeres.
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7.3.2 The protein-counting mechanism is the major mechanism of telom-
ere length homeostasis.

We could directly predict a relevant distribution and dynamics of telomere length from the
protein-counting mechanism. This mechanism and the stochastic model we derived basi-
cally depend on (i) an inhibitory molecule whose local concentration is linearly correlated
to telomere length (e.g. Rap1/Rif1/Rif2) and (ii) a biochemical competition reaction for
the same substrate (e.g. the telomere) between this molecule and another (e.g. telom-
erase), leading either to shortening or elongation of a telomere. As a consequence, our
model should also be valid with other organisms where the protein-counting model oper-
ates, despite a different telomeric architecture. For instance, the numerical values we used
for the parameters in equation 1 and 2 stem from experimental data that do not make
assumptions about the actual proteins acting at the telomeres.

The parameter analysis of telomere length distribution predicts how a specific regulator
mutant can affect telomere length distribution. With more available experimental data,
it would be insightful to clarify the role of regulators such as Pif1 [180] or Tbf1 [17]
in the distribution of telomere length using the present analysis. Overall, our results
strongly support the protein-counting mechanism as the major mechanism of telomere
length homeostasis in S. cerevisiae.

7.3.3 Senescence control by the shortest telomere

In our simulations, the mean length of the shortest telomere is ≈80 bp longer than the
≈100-bp-long critically short telomere described in [2]. This length (≈100 bp) allows
the corresponding strain to grow for ≈45 generations in the absence of telomerase until
senescence, compared to 60-80 generations for wild-type cells lacking telomerase. While
these values are far from being precise, given the heterogeneity of senescence onset, they
give a difference of ≈15-35 generations between the two conditions, which is consistent
the difference of their shortest telomere length leading to (180 − 100)/3.5 = 23 gener-
ations (assuming a constant shortening rate of 3.5 bp per generation) of difference in
the senescence onset. The simulations therefore support a potential role for the shortest
telomere in signaling senescence. Moreover, its standard deviation is larger than that of
the others: the shortest telomere is thus more prone to variations from cell to cell. We
tested the hypothesis that this could explain interclonal variations of senescence onset in
telomerase-deficient cells [119, 172].

In mammalian cells, heterogeneity in senescence is accounted for by complex mech-
anisms with intricate relationships such as telomere shortening and/or uncapping, DNA
damage, mitochondrial failure, or accumulation of reactive oxygen species [197, 154, 178].
If this is also the case in S. cerevisiae, we should observe random variations in senescence
even though the initial set of telomeres is given. We thus analyzed the senescence of mother
and daughter cell lineages after a mitosis event, since the mother and daughter cells have
a similar set of telomeres. Interestingly, we did not find any difference in their senescence
onset with our assay. We conclude that in S. cerevisiae, while there may be stochastic
modulations of senescence similar to mammalian cells, their effect is either constant or
weak compared to the fate forced on the cell lineage by telomere attrition. Senescence on-
set in budding yeast is thus tightly genetically determined in the initial single cell without
telomerase and not driven by strong stochastic processes.

We then analyzed senescence in cells with "shuffled" telomeres, taking advantage of
meiosis. In contrast to mitosis, meiosis segregated a determinant of senescence in a certain
number of tetrads (71%) but not in others. Considering telomeres as alleles, we predicted
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different values for the ratio of tetrads with differential senescence in the two telomerase-
negative spores to the total number of tetrads, for distinct hypotheses. The experimental
ratio of 71% was most compatible with the assumption that only one dominant telomere,
for instance the shortest, is sufficient for senescence onset.

To conclude, this study supports the following conclusions: (i) telomere length regu-
lation through the protein-counting mechanism has implications for the variability of the
shortest telomere in terms of length, (ii) senescence onset in S. cerevisiae is genetically
driven and not subject to strong stochastic variations, (iii) differences in senescence in
telomerase-deficient spores from the same tetrad are best explained by the segregation
of a single telomere during meiosis. By combining these different lines of evidence, we
propose that in S. cerevisiae senescence onset is controlled through the shortest telomere.

7.4 SI: Numerical implementation and parameter estima-
tion.

Numerical simulations and parameter estimation were performed using Matlab (R2012a
version). To estimate the values of the parameters β and L0 in equation 7.2, we fitted
equation 7.2 to experimental data of [210] (Fig. S1A) using the fitting toolbox of Matlab.
The parameter p for the elongation length was estimated from the empirical cumulative
distribution of the elongation length [210], which we fitted with the cumulative distribution
function of parameter p (Fig. S1B). The probability function of the increasing length b
was plotted in figure S1C.

To approximate the probability P (L) of elongation of a telomere of length L, we used
the following function

P (L) =
1

1 + β(L− L0)
, (7.3)

where β and L0 are fitting constant parameters. This expression was inferred from the bio-
chemical process in which telomerase and Rap1/Rif1/Rif2 compete for the same substrate,
namely the telomere (Fig. 7.1A).

To obtain the equation 7.3, we shall now derive from the analysis of chemical reactions
regulating telomere length expression. There are two opposite reactions: First, when
telomerase is recruited, the telomere elongates:

Telomere+ Telomerase
k2→ ElongatedTelomere (7.4)

where k2 is the constant rate of the reaction. Conversely, a shortening event occurs if the
amount of Rap1/Rif1/Rif2 in cis is enough to inhibit telomerase recruitment:

Telomere+Rap1/Rif1/Rif2
k1(L−L0)→ ShortenedTelomere (7.5)

where k1(L − L0) is the constant rate of the reaction. We consider that the number of
telomere-bound Rap1/Rif1/Rif2 protein complexes is proportional to the telomere length
[128] and thus the rate constant in equation 7.5 is proportional to the telomere length (L−
L0). Combining equations 7.4 and 7.5, we obtain the steady-state probability distribution

P (L) =
1

1 + β(L− L0)
used in equation 7.2, where β = k1/k2. We fitted this expression

to experimental data, and we found β = 0.045 and L0 = 90bp bp (Fig. S1A and Table
7.1). In the present model, we consider that the correspondence between the amount of
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Rap1/Rif1/Rif2 protein complexes and the constant rate of equation 7.5 is linear over
the entire range of telomere lengths used for our simulations. Indeed, this assumption is
verified a posteriori since expression 7.3 was a good fit to the data on the entire length
interval.

Figure 7.7: Numerical fit of the parameters using data from [210]. (A) Numerical
fit of the probability of elongation. The probability of elongation (continuous line) from
equation 2 was plotted as a function of telomere length for parameters β = 0.048 and L0

= 90 bp. This function was fitted to the data from [210] (dots). Goodness of fit was given
by SSE = 0.6021 (summed square of residuals), R-square = 0.378, adjusted R-square =
0.3558 and RMSE = 0.1466 (root mean squared error). (B) Numerical fit of the law of
the number of nucleotides b added per elongation. In continuous line, the cumulative
distribution function of the geometrical law of parameter p was plotted and fitted to
the empirical cumulative distribution extracted from experimental data from [210], 2004
(dotted line). We found a value for p = 0.026. Goodness of fit was given by SSE = 0.03822,
R-square = 0.9688, adjusted R-square = 0.9688 and RMSE = 0.06182. (C) Probability
distribution function of b. The probability distribution function associated with the value
p = 0.026 found in (B) was plotted.
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Telomere length can either be shortened or elongated by an enzyme called telomerase
after each cell division. Interestingly, the shortest telomere is involved in controlling the
ability of cell division. Yet, its dynamics remains elusive. We present here a stochastic
approach where we model this dynamics using a Markov jump process. We solve the
forward Fokker-Planck equation to obtain the steady state distribution and the statistical
moments of telomere lengths. We focus specifically on the shortest one and we estimate
the gap of the length with the others. After extracting key parameters such as elongation
and shortening dynamics from experimental data, we compute the length of telomeres
in Yeast and we obtain as possible prediction, the minimum concentration of telomerase
required to insure a proper cell division.

8.1 Stochastic dynamics of telomere length.

We briefly recall here the model for the length Ln of a single telomere after n divisions, used
in the previous chapter. This length is regulated by the opposing effects of constitutive
shortening and elongation by the telomerase. Thus, at the end of each cellular division, a
telomere can either be elongated by a length ξ with probability P (Ln), which depends on
the telomere length, or shortened by a length a with probability 1− P (Ln). As we shall
study the stationary distribution of telomere length, we do not account for the division
step where the telomere length does not vary. The dynamics is

Ln+1 =

{

Ln −a w.p. 1− P (Ln)
Ln +ξ w.p. P (Ln).

(8.1)

where a is the shortening length ( 3-4 base pairs in yeast [195]) while ξ is the number of
nucleotides added by telomerase. Because the number of base pairs added by telomerase
does not correlate with telomere length [210], we considered that the increment ξ is a
random variable, independent of telomere length and its probability is an exponential
distribution of parameter p (of pdf pe−py), where 1

p is the mean number of base pairs added
per elongation. This parameter was obtained by fitting experimental data [210] (see fig.
1A), for which we obtained p = 0.026 (mean number of nucleotides added ≈ 40 bps). We
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further inferred the analytical expression of P (Ln) from biochemical reactions involved
in telomerase recruitment (see SI). Indeed, we considered the two opposite processes of
elongation due to telomerase activity with a rate k2, and inhibition of telomerase, the
rate of which depends on telomere length [128, 121], and which is given by k1(Ln − L0).
Combining these two opposite reactions, we obtain for the probability of elongation

P (Ln) =







1
1 + β(Ln − L0)

if Ln > L0

1 else.
, (8.2)

where L0 is a characteristic telomere length, and β = k1
k2

is the effective telomerase inhibi-
tion rate (when β increases, the probability of elongation decreases). We fitted expression
(8.2) to yeast data (see fig. 1B) and we found β = 0.045 and L0 = 90 bps. Interestingly,
the present model is in agreement with previous observations [128] that after a cell di-
vision, the mean variation of the telomere length < ∆(L) > L is a decreasing function,
larger for short telomeres than for long one. Indeed from eq. 8.1 of our model, we derive
that < ∆(L) >= −a(1− P (L)) + 1

pP (L) = −a+ a+1/p
1+β(L−L0) .

8.2 The stationary distribution of telomere length.

We shall now compute the steady state distribution based on equation 1. Because the
shortening length (3.5 bp in yeast) is small compared with the elongation (≈ 40 bp in
average), we rescale equation (8.1) with a constant drift for shortening, and possible large
jumps with exponential rates for elongation with a time scale ∆t. We normalize the
telomere length L using the scaled variable X = L−L0

a . The jump rate function becomes

λ(X) =
1

1 +BX
, and the pdf for the jump ξ̄ is given by b(y) = θe−θy, where B = aβ and

θ = ap are parameters of the normalized model. The dynamics of the normalized length
X is given by

X(t+ ∆t) =







X(t) −∆t w.p. 1− λ(X)∆t+ o(∆t)

X(t) +ξ w.p. λ(X)∆t+ o(∆t)
(8.3)

Since the mean elongation length 1/p (≈ 40 bp) is large compared with the shortening
(≈ 3 bp per div.), we neglect the probability that X(t) goes to negative values. Otherwise,
a zero boundary condition has to be imposed on the probability density function (pdf)
of X at zero. The pdf f(x, t) = ∂F (x, t)/∂x where F (x, t) = Pr {X(t) ≤ x} as ∆t → 0
satisfies Takács equation, which is the forward Fokker-Planck equation for (8.3) and x > 0,
[104, 182]

∂tf = ∂xf − λ(x)f(x, t) +
∫ l

0
λ(y)f(y, t)b(x− y)dy. (8.4)

The stationary distribution function f̃ satisfies

0 = f̃ ′(x)− λ(x)f̃(x) +
∫ x

0
λ(y)f̃(y)b(x− y)dy, (8.5)

with normalization condition
∫∞

0 f̃(x)dx = 1. The general solution of equation (8.5) is (see
SI)

f̄(x) = L1(1 + θx)e−θxM
(−1
B

+ 1,
−1
B

+ 2, θ
(

x+
1
B

))

+ L2 (Bx+ 1)
1
B e−θx, (8.6)
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Figure 8.1: Stationary distribution of telomere length. Left: Equilibrium telomere
length distribution simulated from Eq. 7.1 (n=500, 100000 runs) compared with the
analytical stationary distribution (red) computed from eq. 8.7. Right: Histograms of
θ(Xn + 1/B) for various values of p and β using eq. 8.1 (n = 500 steps, 50000 runs),
compared with the scaled gamma pdf of parameter 1 + 1

B .

where L1 and L2 are two constants and M is the Kummer confluent hypergeometric
function. The asymptotic behavior ofM(a, b, z) for z → +∞ isM(a, b, z) ≈ ezaa−bΓ(a) . Thus

L1 = 0 (otherwise, limx→∞ f̄(x) = limx→∞ L1Bxep/B

(1−1/B)Γ(1−1/B) = ±∞, and f̄ would not be a
probability function), and L2 is determined by the normalization condition. We conclude
that the steady state distribution for the normalized telomere length is

f̄(x) =
θ
[

θ(x+ 1
B )
] 1
B e−θ(x+

1
B )

Γ
(

1
B + 1, θB

) , (8.7)

where Γ(s, x) =
∫+∞
x ts−1e−tdt is the upper incomplete Gamma function. Finally, the vari-

able θ
(

X + 1
B

)

follows approximatively a normalized Gamma distribution of parameter

α = 1 + 1
B (formula (8.7)). Then, the mean and SD for the telomere length L = aX +L0

are given by (see SI)

Mean(L) = L0 −
1
β

+
1
p

(

1 +
1
aβ

)

(8.8)

SD(L) =

√

1 + 1
aβ

p
. (8.9)

In fig. 8.1, we obtain a good agreement between the probability density function Γ(α, 1)
and the empirical distributions obtained from Brownian simulations (eq. (8.1)). The
distributions are robust for the parameters fitted in yeast as for other various values of θ
and B (see fig.8.1). In particular, changing the parameter θ (which accounts for the length
of elongation) resulted only in shift of the length distribution. In contrast, changing the
parameter B (which accounts for the telomerase activity) affects significantly the shape
of the distribution through the parameter α, suggesting that the level of telomerase can
drastically modify the telomere length distribution.
Because the shortest telomeres potentially initiate senescence signaling [82], we shall now

focus on the distribution of the shortest telomere in an ensemble of 2n telomeres, which
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correspond to n chromosomes (16 in yeast and n is in the range of 36 − 60). We model
the 2n telomere lengths as independent identically distributed variables L1, L2, . . . L2n.
Considering 2n i.i.d variables X1, . . . X2n following a distribution f , the pdf of X(1:2n) =
min(X1, X2, . . . X2n) is given by

fX(1:2n)
(x) = 2n(1− F )2n−1(x)f(x), (8.10)

where F (x) =
∫ x

0 f(u)du. The statistical moments X̄k(1:2n) =
∫

R+ x
kfX(1:2n)

(x)dx are given
by

X̄k(1:2n) = k

∫

R+
xk−1(1− F )2n(x)dx. (8.11)

When f is a Gamma distribution of parameter α and n sufficiently large, we estimate
X̄k(1:2n) using the Laplace’s method. Eq.(8.7) with α = 1 + 1

B is such that, when x goes to

0, F (x) ≈ mxr with m = 1
αΓ(α) > 0 and r = α > 1 (see also p.305,[111]), we obtain

X̄k(1:2n) =
k

r

∫ +∞

0
xk/r−1 exp[2n ln(1− F (x1/r))]dx.

Thus, X̄k(1:2n) ≈
kΓ(k/r)
r(2nm)k/r

. That is

X̄k(1:2n) ≈
kΓ
(
k
α

)

α

(
αΓ(α)

2n

)k/α

. (8.12)

Using formulas (8.10), (8.11) and (8.12), we compute the pdf and the moments of the short-
est telomere length L1:2n for k = 1. As shown from eq. (8.7), we have that p

(
Li−L0
a + 1

B

)

follows a Gamma distribution. Then using eq. (8.12), we obtain that the mean of the
shortest telomere length is

L̄(1:2n) ≈ L0 −
1
B

+
Γ
(

1 + 1
B

)

Γ
(

1
1+1/B

) 1
1+1/B

p
(

1 + 1
B

) 1
1+B (2n)

1
1+1/B

. (8.13)

In fig. 8.2, we obtain for various values of the parameter B (n=50) a good agreement
between the analytical formula (8.12) and expression (8.11) that was computed from the
empirical approximation of (8.7) (B > 0.5). We conclude that the shortest telomere
length can be obtained from formula (8.12) with B large enough (> 0.5). When B is
small, the Laplace’s method fails to approximate well the cumulative distribution F , and
underestimates X̄(1:n). Using values p = 0.026, β = 0.045 (B = 0.16 < 0.5) and L0 = 90
(yeast) and eq. (8.11) for k=1 and 2, we computed that the mean shortest telomere length
is 184 ± 25 bp (confirmed by the empirical simulations of eq. (8.1) fig. 8.2). Thus the
shortest telomere length should significantly vary from cell to cell.

8.3 The gap between the shortest telomere and the others.

we study here the separation between the shortest telomere from the others. We compute
the distribution of the second shortest length X(2:2n). The pdf fX(2:2n)

of X(2:2n) is given
by

fX(2:2n)
(x) = 2n(2n− 1)F (x)(1− F (x))2n−2f(x), (8.14)
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and the statistical moments X̄k(2:2n) satisfy the induction relation

X̄k(2:2n) = nX̄k(1:2n−1) − (2n− 1)X̄k(1:2n). (8.15)

Using (8.12) for k = 1, we obtain that the ratio
X̄(2:2n)

X̄(1:2n)
, for n or B >> 1 asymptotically

depends on α = 1 + 1
B as

X̄(2:2n)

X̄(1:2n)

≈ 1 +
1
α
. (8.16)

Interestingly, in the generic case where the pdf of random variables has a nonzero first order
derivative at 0, this ratio is 3

2 . In fig. 8.2, we plot eq.(8.16) and obtain good agreement
with numerical simulations, which confirms the accuracy of the analytical approach for
estimating the gap between the shortest telomere and the others. In the case of the yeast,
we use eq.(8.15) and we obtain that the mean length of the second shortest telomere is
207 bp (confirmed by fig. 8.2). Thus, we predict that the shortest telomere is on average
22 bp shorter than the second one.

8.4 Maintenance of telomere length.

As the size of the shortest telomere is controlled by the parameter B (which depends on
the telomerase concentration), we propose to estimate now the minimum value Bc for
which the shortest telomere does not go below a critical length with probability 99%.
The critical length Lq is defined by P (L(1:2n) < Lq) = q which is the probability that
the shortest telomere length is less than Lq with probability q = 0.01. Using that the
dimensionless length X = L−L0

a and θ(X + 1
B ) is a Gamma distribution of parameter

1 + 1
B (eq. (8.7)), we obtain that L = L0− 1

B+aY
θ

, where Y is again a Gamma distribution
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of parameter 1 + 1
B . Using eq.(8.10), we get that Lq is such that

1−
(

1− FY
((

Lq +
1
B
− L0

)
B

a
)
))2n

= q, (8.17)

where Y ∼ Γ
(

1 + 1
aB , 1

)

. A direct computation gives Lq as a function of B that we
plotted in fig. 8.3. For a threshold Lc = 120 bp below which the telomerase cannot
regulate telomere length (an event that triggers senescence [210]), we find that Bc = 0.36
(fig. 8.3). For this critical value, the frequency of elongation (eq.(8.2)) in fig 8.3. is roughly
divided by two in the range of 100-300 bps and the probability of senescence for a single
cell after one division is 1%. In contrast, with the endogenous value β = B

a = 0.045 we

compute that this probability is quasi-null, as it drops to 1− (1− 1.5.10−40
)32 ≈ 5.10−38.

In conclusion, we presented a stochastic approach to compute the single telomere length
distribution, from which we derived that of the shortest ones in a single cell. This allowed
us to find a condition on the biochemical parameter β for the probability that the shortest
telomere length does not decrease below a critical length after a division to be 1%. It
would be interesting to relate this measurable parameter β to the level of telomerase, as
this link is still unclear[174]. Another interesting extension would be to study how β is
modified in cancerous cells, for which cell cycle duration is affected [33, 233]. Since such
change might increase the telomerase effectiveness, this could indeed explain their intrinsic
proliferation ability.

8.5 SI1: Solution of Takacs equation

In this section, we compute the general solution f̄ of the following stationary Takacs
equation

0 = f̄ ′(x)− λ(x)f̄(x) +
∫ x

0
λ(y)f̄(y)b(x− y)dy, (8.18)

where b(x) = θe−θx, with θ > 0, and λ(x) = 1
1+βx , with β > 0. Using the change of

function u = λf̄ and replacing b yields

0 = (1 + βx)u′ + (β − 1)u+ θe−θx
∫ x

0
u(y)eθydy. (8.19)
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With v(x) = u(x)eθx and V (x) =
∫ x

0 v, this equation becomes

0 =
(

1 + βx

θ

)

V ′′ +
(
β − 1
θ
− 1− βx

)

V ′ + V. (8.20)

The solution (see p.143 [159]) is

V (x) = eθxJ
(

1, 1− 1
β
,−θ

(

x+
1
β

))

, (8.21)

where J (k, l, x) is the general solution of the degenerated hypergeometric equation

xyxx + (l − x)yx − ky = 0, (8.22)

the solutions of which, except for the singular cases are given by

y(k, l, x) = C1M(k, l, x) + C2x
1−lM(k − l + 1, 2− l, x),

whereM(k, l, x) is the Kummer confluent hypergeometric function and C1 and C2 are two
constants. For k = 1 and l = 1− 1

β , we obtain the general solution of equation 8.21

V (x) = C + eθx
{

C1M
(

1, 1− 1
β
,−θ

(

x+
1
β

))

(8.23)

+C2

(

x+
1
β

) 1
βM

(

1 +
1
β
, 1 +

1
β
,−θ

(

x+
1
β

))}

.

UsingM(a, b, z) = ezM(b− a, b,−z) and f̄(x) = (1 +Bx)e−θxV ′, we obtain for x > 0

f̄(x) = L1(1 +Bx)e−θxM
(−1
B

+ 1,
−1
B

+ 2, θ
(

x+
1
B

))

+ L2 (Bx+ 1)
1
B e−θx, (8.24)

where L1 and L2 are two constants.

8.6 SI2:Mean and standard deviation of telomere length dis-
tribution

We estimate here the mean and std of the telomere length. Using eq. (7) of the main
manuscript and the scaling relation X = L−L0

a , we obtain that the variable p
(

L− L0 + 1
β

)

follows a normalized Gamma distribution of parameter 1+ 1
aβ , of mean 1+ 1

aβ and variance
1 + 1

aβ . Thus, the mean and variance of L are given by

Mean(L) = L0 −
1
β

+
1
p

(

1 +
1
aβ

)

(8.25)

Var(L) =
1 + 1

aβ

p2
. (8.26)
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Appendix A

Appendix to chapter 1

A.1 Materials and methods : Electrophysiology

Electrophysiology in hippocampal microcultures. The methods are detailed else-
where [31]. In brief, dissociated hippocampal neurons, diluted to 5-7 x 104 cells per ml,
were plated on agarose-covered glass coverslips sprayed with fine droplets of substrate so-
lution containing rat tail collagen (BD biosciences) at 1 mg/ml and poly-D-lysine (Sigma)
at 0.3 mg/ml. These permissive islands allow the growth of networks of 5-30 neurons,
which make extensive intrinsic connections.
At 2-3 weeks in culture, neurons were recorded in standard HEPES-buffered medium,
containing 2 mM CaCl2 and 1mM MgCl2. Patch pipettes contained biocytin (0.4 %) to
visualize the neurons after termination of the experiments. In some experiments Alexa-
Fluor 555 was added to the internal medium to visualize live neurons. Bursts were evoked
either by injecting 5 ms depolarizing current pulses sufficient to evoke a single action
potential in one neuron in current-clamp mode or by a 5 ms depolarization to 0 mV in
voltage-clamp mode.
Network burst duration was defined as the time from the onset of the evoked action po-
tential generating the burst to the time point when the falling phase of the polysynaptic
current (PSC) crossed the threshold (at half of the averaged PSC amplitude). Signals
were amplified with a Multiclamp-700B amplifier and recorded with Clampex 9.2 software
(Axon Instruments, Union City, CA).
Electrophysiology in acute brain slices
Acute transverse hippocampal slices (400 µm) were prepared as previously described
([152]) from postnatal 17- to 25-day old C57BL6 mice. Slices were maintained at room
temperature in a storage chamber perfused with an artificial cerebrospinal fluid (ACSF)
(containing 119 mM NaCl, 2.5 mM KCl, 2.5 mM CaCl2, 1.3 mM MgSO4, 1 mM NaH2PO4,
26.2 mM NaHCO3, and 11 mM glucose, saturated with 95% O2 and 5% CO2, pH 7.4, 320-
330 mOsm) for at least 1 h. Slices were transferred to another storage chamber with the
same ACSF with additional 100 µM picrotoxin at least 30 min before recording. Slices
were then transferred to a submerged recording chamber mounted on an Olympus BX51WI
microscope equipped for infrared-differential interference (IR-DIC) microscopy and were
perfused with ACSF at a rate of 1.5-2 ml/min at room temperature. All experiments were
performed in the presence of picrotoxin (100 µ M). Somatic whole-cell recordings were
obtained from visually identified hippocampal CA3 and CA1 pyramidal cells, using 5-8
MΩ glass pipettes filled with 105 mM Kgluconate, 30 mM KCl, 10 mM HEPES, 10 mM
phosphocreatine, 4 mM Mg2-ATP, 0.3 mM Tris-GTP, and 0.3 mM EGTA (pH 7.4, 280
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mOsm). Synaptically-evoked action potential bursts were triggered by a stimulation of
Schaffer collaterals (10 mA, 50 µs) with an ACSF-filled glass pipette. Bursts were recorded
in the presence of 100 µM picrotoxin at a resting membrane potential of -70 ± 2 mV. The
whole-cell recording pipette was placed 50-100 µm away from the stimulation pipette. In
the experiment of low [Ca2+]o, to keep extracellular divalent ion concentration constant,
CaCl2 was reduced to 1.3 mM while MgSO4 was increased to 2.5 mM. Recordings were
acquired with Multiclamp-700B amplifiers , digitized at 10 kHz, filtered at 2 kHz, and
stored and analyzed on a computer using pClamp 10 and Clampfit 10 software. All data
are expressed as mean ± SEM. Statistical significance for comparisons was determined by
Student’s paired t-test. Picrotoxin was obtained from Sigma and CNQX was from Tocris.
All simulations were run with Matlab. The computation of the reverberation time is
presented in the SI.
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Appendix to chapter 3

B.1 Numerical implementation and fitting procedure

B.1.1 Numerical simulations

Simulations, numerical integrations and fitting computations were performed in Matlab.
The method used for the simulations was numerically stable. We used a time step of
∆t = 0.1ms (simulations were repeated with smaller time step to check whether numeri-
cal accuracy was affecting results). The leak currents parameters were adjusted to stabilize
the model at the resting membrane potentials (respectively -70 mV and -80 mV for neu-
rons and astrocytes) and resting concentrations (respectively 135 mM, 12mM, 2.5mM,
116mM, 135mM and 12mM for neuronal potassium and sodium, extracellular potassium
and sodium and astrocytic potassium and sodium). The parameters for the Hodgkin
Huxley equations were also adjusted to these concentrations.

B.1.2 Approximation of time constants

All decay constants τ were fitted to curves using a single exponential (e−t/τ ). For all the
fits obtained on the numerical simulation curves, we obtained an error estimation R-square
≥ 0.97.

B.1.3 Approximation of facilitation/depression model parameters

Presynaptic currents parameters were fitted to experimental recordings by matching the
time and the value of maximal peak amplitude for tetanic and repetitive protocols in
control conditions (τrec = 300ms, τinact = 200ms). We did the same with the knock out
experimental data (τrec = 500ms, τinact = 160ms).

B.1.4 Simulation of the neuronal response at various frequencies

We impose an initial input at various frequencies (0.1, 1, 2,5,10 Hz). Each input is gener-
ated by a square current lasting 0.5 ms and of amplitude A. We reproduce the neuronal
noise by adding in equation 3.20 Brownian source of amplitude σ = 5(pA.cm−2)2.ms−1.
The amplitude of the initial spike is defined to reproduce the constraint that the synap-
tic probability is p = 0.15. We obtain A = 2.1125pA.cm−2. Using the tri-compartment
model, we simulate at various frequencies and plotted a quantity that we called the Ob-
served firing probability defined empirically at time t as the time dependent ratio of the
number of spikes observed at time t to the total number of simulations.
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B.2 Material & methods : Experimental procedures

Experiments were carried out according to the guidance of European Community Council
Directives of November 24th 1986 (86/609/EEC) and all efforts were made to minimize
the number of used animals and their suffering. Kir4.1 cko -/- mice were generated as
previously described ([26, 47]) and provide by K. MacCarthy, University of School of
medicine in Chappel Hill, USA. Heterozygous mice for GFAP-Cre and Kir 4.1/ were
breded with homozygous strain for Kir 4.1 / strain. C57BL6 mice were supplied by
Charles River, l’Arbresle, France. For all analyses, mice of both genders and littermates
were used (PN16-PN25).

B.3 Material & methods : Electrophysiological recordings

Acute transverse hippocampal slices (300-400µm) were prepared as previously described
[175] from 16-25 days-old wild type mice and Kir 4.1 -/- ko mice [47]. Slices were main-
tained at room temperature (21-23C) in a storage chamber that was perfused with an
artificial cerebrospinal fluid (ACSF) containing (in mM): 119 NaCl, 2.5 KCl, 2.5 CaCl2
, 1.3 MgSo4 , 1 NaH2PO4 , 26.2 NaHCO3 and 11 glucose, saturated with 95 % O2 and
5% CO2 , for at least one hour prior to recording. Slices were transferred to a submerged
recording chamber mounted on an Olympus BX51WI microscope equipped for infra-red
differential interference (IR-DIC) microscopy and were perfused with ACSF at a rate of
1.5 ml/min at room temperature. All experiments were performed in the presence of
picrotoxin (100M) and a cut was made between CA1 and CA3 to prevent the propaga-
tion of epileptiform activity. Simultaneous extracellular field and whole-cell patch-clamp
recordings were performed using borosilicate glass pipettes. Evoked postsynaptic or astro-
cytic responses were induced by stimulating Schaffer collaterals (0.05Hz) in CA1 stratum
radiatum with ACSF filled glass pipettes (300-700k). Stratum radiatum astrocytes were
identified by their small cell bodies, particular multi process morphology (at least two
main processes), low membrane resistance (500k-5M, high resting potentials (≈ 80mV)
and linear IV curves). Field excitatory postsynaptic potentials (fEPSP) were recorded
from 400µm slices with glass pipettes (4-6M) filled with ACSF and placed in stratum ra-
diatum. Stimulus artifacts were blanked in sample traces (represented traces are the mean
of 10 traces together which were bined 10 times). Somatic whole-cell recordings were ob-
tained from visually identified CA1 astrocytes, using 4-6M glass pipettes filled with either
(in mM): 105 K-Gluconate, 30 KCl, 10 HEPES, 10 Phosphocreatine, 4 ATP-Mg, 0.3 GTP-
Tris, 0.3 EGTA (pH 7.4, 280 mOsm). The field recording was placed next to the recorded
astrocyte (10 to 50µm). Repetitive stimulation was induced by repetitive stimulation at
10 Hz for 30s. Post-tetanic potentiation was induced by repetitive stimulation at 100 Hz
for 1s in the presence of 10 µM of CPP (NMDA antagonist). Recordings were acquired
with Axopatch-1D amplifiers (Molecular Devices, USA), Digitalized at 10kHz, filtered at
2kHz, stored and analyzed on computer using Pclamp9 and Clampex9 software (Molecular
Devices, USA). Extra analysis were done using MatLab software (MathWorks, USA). All
data are expressed as mean SEM. Statistical significance for between-group comparisons
was determined by unpaired or paired t-tests. Picrotoxin was obtained from Sigma, CPP
was from Tocris.
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B.4 Material & methods :Potassium recording

Double-barrel pipettes were prepared as previously described in [100], ie from two 2-5mm
borosilicate glass twisted together in a flam and then pulled in a puller). Double-barel
were pre-treated with dimethylchlorosilane at 120◦C for 2h. The tip was filled with the
K+ ionophore I-Cocktail B. The other barrel was filled with NaCl (0.2mM). Calibration
was done prior and after recordings in 2,3,5,7 mM calibration solutions.
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Appendix to chapter 6

C.1 RNAi MFPT to small hole on boundary

For the RNAi model, the general approximation of the MFPT, τ , of a Brownian particle
located at the center of a spherical domain, of radius R, moving with diffusion coefficient,
D, to hit one of N ≫ 1 identical, circular pores, of radius ε, on the surface of the domain,
is given by [193]

τ ∼ |Ω|
4εDN

[

1− ε

π
log ε+

εN

π

(
1
5

+
4b1√
N

)]

+
R2

6D
, (C.1)

where the coefficient, b1 ≈ −0.5668, is calculated by Cheviakov et. al (2010) by minimising
the energy, H, of the arrangement of the N traps across the surface of a unit sphere
(assuming now that R = 1) [27]. In (C.1), R

2

6D represents the MFPT of a particle, initially
located at the center of the spherical domain, to reach the surface. If Nε ≫ 1, the time
taken for a particle to locate a pore on the surface of the domain, i.e. the first term, will
dominate over the time taken for the particle to reach the surface, i.e. the second term,
which leads us to the approximation

τ ∼ |Ω|
4εDN

[

1− ε

π
log ε+

εN

π

(
1
5

+
4b1√
N

)]

. (C.2)

C.2 PTEN MFPT to small target within domain

We similarly compute the mean time for an mRNA to locate a ribosome in the PTEN
problem as follows [29]: For N uniformly distributed traps of radius ε≪ 1 in the interior of
the spherical domain, Ω, of unit radius, R = 1, with reflecting boundary, the MFPT, τ , of
a Brownian particle uniformly distributed in the domain, moving with diffusion coefficient
D, to a trap is given by

τ ∼ |Ω|
D

[
1

4πεNc
+

1
N2

(Hball
4π
− 7N2

10π

)]

. (C.3)

Here, Hball (similar to H declared in the previous section) is defined as the energy function
for optimising the spatial arrangement of the N traps within the spherical domain (typical
values for varying N in a unit sphere are given in Table 2 of [29]); and c is the normalized
capacitance of each trap (c = 1 for a disk), assumed here to be the same for all traps
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(typical values for varying trap shapes are given in Table 1 of [29]). For example, assuming
there are N = 10 spherical traps of radius ε, we haveHball = 243.37 and c = 1. The narrow

escape approximation is equivalent to replacing escape by a Poissonian event of rate
1
τ

.

C.3 Forward binding rate of siRNA/miRNA to binding site
on mRNA

The binding rate, kf , is the reciprocal of the MFPT of a diffusing particle to one of the
Nb binding sites. When the sites, of size a, are located on a sphere of radius r, this MFPT
is given in [12] as

τN =
1
kf

=
|Ω|
D

(
1

4πr
+

1
4Nba

)

. (C.4)
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Appendix to chapter 7

D.1 Material & Methods

Oligonucleotide probe design. The probes used for single-telomere Southern blot
were designed using the sequence of the S288C strain from Saccharomyces Genome Database
(SGD) version R64 1 1 and information about W303 strain telomeres from Ed Louis’s
group’s website (http://www.nottingham.ac.uk/biology/people/louis/telomere-data-sets.aspx).
All analyses were performed using Geneious Pro 5.5.2. To design specific probes, we tested
divergent regions among telomeres within 1.5 kb of the telomeric repeats. Each candidate
was blasted against the whole genome using the blastn algorithm and selected for its
specificity, although cross-reactivity with nonterminal restriction region was allowed. To
confirm specificity, we used each probe as a primer to amplify the corresponding telomeric
region by PCR, with another specifically designed primer located at the junction of the
telomeric repeats and the specific subtelomeric region. We only used probes for which
PCR amplified a unique band. The PCR product was then sequenced (Eurofins MWG
Operon), and the sequence was compared to the S288C genome. With the exception of
the XIV-R telomere (Table S1), which failed to be sequenced, all sequences either were
completely identical to S288C sequences or displayed some point mutations (only for the
XI-L telomere), which was expected since the yT337 background is different from S288C.
As IX-L and X-L subtelomeres were identical, the oT457 probe was not specific to a unique
telomere (Table S1).

Quantitative senescence assay. The quantitative senescence assay used in this study
was based on the semi-quantitative senescence assay described in [2]. In most experi-
ments, yT337 tetrads were dissected and spores were grown for 2 days at 30◦C on a YPD
plate. A third of each colony was resuspended in 5 µl water, boiled at 95◦C for 5 min,
and used as a substrate in PCR for genotyping TLC1 locus. Colonies grown from sin-
gle spores were resuspended in water in microtiter plates, and their concentrations were
normalized at 800,000 cells per ml after OD (optical density) at 600 nm using an Epoch
spectrophotometer (Biotek). For each cell suspension, eight replicates of 10-fold serial
dilution spots were grown on a YPD plate, so as to assess the intraclonal variation that
could arise and to statistically compare cell growth from different spores. The spots were
grown for 2 days at 30◦C. For each replicate, the most concentrated spot was then re-
suspended, normalized at 800,000 cells per ml, and re-spotted with serial dilutions. The
same procedure was repeated for the next passage as well. Compared to the quantification
procedure in [2], a new senescence index was used in this study. After 2 days of growth,



180 Appendix D. Appendix to chapter 7

Figure D.1: Table S1

spot plates were scanned at 1200 dpi using an Epson Perfection V750 Pro scanner. Im-
ages were processed with ImageJ. After background subtraction, all the spot intensities
were measured and plotted against the logarithm of the 10-fold dilutions. The senescence
index corresponded to the logarithm of the 10-fold dilution needed to grow the cells up
to a set standard intensity value, which corresponded to the median intensity reached by
wild-type telomerase-positive cells in 2 days of growth. For example, an index value of 1.3
for a given spore at passage 2 meant that, at passage 2, these cells would have needed to
be diluted to 10-1.3 (starting with 800,000 cells per ml concentration) in order to reach,
after 2 days, the set standard intensity value.

D.2 Calculation of the ratio of tetrads displaying different
senescence for their telomerase-deficient spores to the
total number of tetrads.

We made the assumption that telomeres are independently regulated regarding their
length, as suggested in figure 1D where two telomeres in different clones did not show
correlated lengths and in [188]. We considered a TLC1/tlc1∆ diploid cell with 64 inde-
pendent telomeres. Let us order these 64 telomeres by their length: L1 ≤ L2 ≤ . . . ≤ L64,
corresponding to the telomeres T1, T2, . . ., T64, respectively. At prophase I of meiosis,
all 64 telomeres are replicated. For a given telomere Tn (1 ≤ n ≤ 64), we assumed that
the length of the two replicated strands was the same: if we called the two telomeres
Tn and T ′n, we assumed that Ln = L′n. In theory, there should be a difference of about
the overhang length (≈10 nt) between Ln and L′n. As shown in figure 7.5, however, this
difference has no phenotypic consequence in the senescence onset, as mother and daughter



D.2. Calculation of the ratio of tetrads displaying different senescence181

cells always displayed similar senescence, even though mitotic replication should generate
the same difference in length for a given telomere. Therefore, this assumption seems valid
considering the sensitivity of the spot assay. Meiotic crossing-overs would exchange telom-
eres between homologous chromosomes with the highest ratio as telomeres are located at
the ends of chromosomes. Thus, meiosis randomly divides out these 128 telomeres (T1,
T ′1, T2, T ′2, . . ., T64, T ′64) between the four spores.

First hypothesis: the senescence signal is controlled by a dominant telomere,
likely the shortest. Let us analyze how telomeres T1 and T1’ segregate between the
four spores. There are 12 possibilities (see below for the complete list). In two cases, both
T1 and T ′1 fall into the two tlc1∆ spores (either T1 into spore 1 and T ′1 into spore 2, or the
opposite). Thus, there is a 1/6 probability that T1 and T ′1 fall into the two tlc1∆ spores.
Similarly, there is also a 1/6 probability that T1 and T ′1 fall into the two TLC1 spores.
That leaves a 2/3 probability that T1 falls into a tlc1∆ spore and T ′1 falls into a TLC1
spore, or the reverse. Under the hypothesis that a dominant telomere, likely the shortest
shortest controls the senescence signal, there should be, for the two tlc1∆ spores:

1. No difference in senescence if both T1 and T1’ fall into the two tlc1∆ spores (P =
1/6)

2. Differential senescence if either T1 or T1’ falls into a tlc1∆ spore but not the other
(P = 2/3)

3. Unknown result if both T1 and T ′1 fall into the two TLC1 spores (P = 1/6), because
senescence onset should then be controlled by T2 and T ′2. We can then apply the
same reasoning to T2 and T ′2 and show that with a 1/6 probability, the two tlc1∆
spores should display the same senescence onset; with a 2/3 probability, different
senescence onsets; and with a 1/6 probability, a result that would depend on T3 and
T ′3.

Therefore, we recursively show that the two tlc1∆ spores should have the same senes-
cence onset with the following probability:

P = 1/6 + (1/6)2 + . . .+ (1/6)32 ≈ 1/5 = 20% (D.1)

And the two tlc1∆ spores should display differential senescence with the complementary
probability:

1− P ≈ 80% (D.2)

Second hypothesis: the senescent cell is not able to detect the shortest telom-
ere. In this case, a minimal postulate would be that the senescent cell cannot distinguish
between the shortest and the second shortest telomeres, which is equivalent, for calculation
simplicity, to L1 = L2 while keeping control by the shortest telomere as an assumption.
Other postulates would lead to an even lower probability of different senescence onsets
for the two tlc1∆ spores. This case is best illustrated by a two-way table with all 12
possible segregations of T1/T

′
1 into the four spores along one dimension and all 12 possible

segregations of T2/T
′
2 on the other. The output in each square will be "=", meaning "same

senescence onset for the two tlc1∆ spores", if the two tlc1∆ spores have either one of the
four T1, T ′1, T2, or T ′2; "6=", meaning "different senescence onsets for the two tlc1∆ spores",
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Figure D.2: tableS2

if one has T1, T ′1, T2, or T ′2 but the other none of these telomeres; or "?" if these four
telomeres fall into the two TLC1 spores.

The 12 possibilities for segregation are listed below in table S2, and
the rules we stated above lead to the two-way table S3. In these 144 squares, if we

Figure D.3: tableS3

neglect the four "?" squares, we obtain the following probability of getting two tlc1∆ spores
with the same senescence onset:

P ≈ 76/140 ≈ 54% (D.3)

And the probability for the two tlc1∆ spores to display different senescence onset would
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be:

1− P ≈ 46% (D.4)

We can notice that this calculation is also valid if the phenotypic assay, namely the spot
assay, is not sensitive enough to distinguish between senescence onsets induced by the
difference in length between T1 and T2. This might explain why there was a slight difference
between our experimental 71% ratio and the theoretical 80% ratio.

Lastly, we also considered the uninvestigated possibility that telomerase may act at
prophase I of meiosis before division on T1 but not T ′1 (or the reverse). Given the range of
length of T1 and T ′1 in our simulations (around 180− 200 bp), the probability of extension
by telomerase is around 15% (Fig. S1A). This would generate a difference in length
between T1 and T ′1 if telomerase acts on one but not the other, which corresponds to a
probability of 0.15 × (1-0.15) = 0.1275. This has to be applied to all cases where we are
supposed to observe a similar senescence for the two telomerase-deficient spores because
they received T1 and T ′1. Such cases amount to 2 out of the 12 possibilities in the previous
table. Thus, these 2/12 ≈ 17% have to be corrected down by the 0.1275 probability of
extension, which leads to 0.1275 × 2/12 ≈ 0.02. Overall, if we consider that telomerase can
differentially act at prophase I on two sister chromatid telomeres, this would theoretically
change the ratio of tetrads with similar senescence for the two telomerase-deficient spores
from 20% to ≈18%, and the ratio of tetrads with different senescence onsets for the two
telomerase-deficient spores from 80% to ≈82%.
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