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My main interest in research is to find and solve problems applied to biology which re-
quire a mathematical approach, combining modeling, theoretical analysis and experimental
data. During my Ph.D. I developed new analytical methods, based on partial differen-
tial equations, asymptotic analysis and stochastic processes, and applied them to quantify
specific biological processes, such as the noise induced transition between Up&Down state
neurons, threshold activation for chemical reactions, or regulation of cell division. I will
now present a more detailed summary of some aspects of my research and indicate future
possible directions

1 Oscillatory peaks for the escape of a stochastic process.

The exit problem in the theory of stochastic differential equations concerns the escape of
random trajectories of a dynamical system driven by noise from the domain of attraction of
the underlying noiseless dynamics. It has important applications in diverse areas, such as
chemistry, engineering or biology, where it allows computing the rate of chemical reactions
or the stability of a system to stochastic fluctuations [1]. More precisely, it consists in
studying the first passage to the boundary of a domain Ω of the stochastic dynamics

dxε(t) = b(xε(t)) dt+
√
2εa(xε(t)) dw(t), (1)

where w(t) is a Brownian motion, a is the diffusion matrix and b the deterministic part.
During my Ph.D., I focused under the supervision of David Holcman on a specific case
of exit problem generically represented by the class of vector field bα, conjugated to the
normal Hopf form by a Möbius transform Φα (0 ≤ α ≤ 1), such that when α goes to 1, the
distance from the attractor point to the boundary goes to zero (see Fig.1). Interestingly,
when the attractor is moved like this toward the boundary, this effect is manifested through
periodic peaks in the distribution of the exit time which cannot be explained by the Large
Deviations theory or classical asymptotic methods ([2, 3]).

1.1 The solution of the exit problem

To characterize the exit time distribution, I firstly derived an explicit formula for the exit
points distribution Pα(θ) and the mean escape time τ̄α,ε to the boundary. To do so, I
used the asymptotic results of [4]: The solution of the Forward Fokker Planck equation
associated with (1) is expanded in WKB form and analyzed close to the boundary. In the
case at hand, I proved [5] that exit occurs only in a small arc of the boundary R(α) centered
at the boundary point closest to focus. When a trajectory fails to hit the boundary while
in the neighborhood of this arc, it has to wind around the focus and return to R(α) (see
fig 1.). In addition, τ̄α,ε is not exponentially long in ε−1 for (1 − α)2/2ε = O(1), which
explains the presence of peaks for the density of the exit time fetd(t)(DET) in this regime.
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Figure 1: Up: Constructing the generic vector field with an attractor arbitrarily
close to the boundary of the domain of attraction. Hopf vector field (Left) and its
conjugated (Right) using a Mobius transformation. Down : Trajectories and histogram
of exit times. A: Trajectories generated by (1) in the unit disk. B: Histogram of exit
times associated to 1 from the unstable limit cycle (disk).

To understand why, we expand fetd(t)(DET) as [5]

fetd(t) = λ0e
−λ0t +

∑
n,m

Cn,me−λn,mt, (2)

where λ0 is the principal eigenvalue of the associated non-self-adjoint Forward Fokker Planck
operator Ly and the λn,m are the eigenvalues of higher order. λ0 is actually the inverse of
τ̄α,ε [1], which means that when τ̄α,ε becomes of order 1, oscillations can become discernible
as a manifestation of the imaginary part of the second eigenvalue.

1.2 The eigenvalues of the Fokker Planck operator and the pdf of the fpt

The spectrum of self-adjoint elliptic operators of the form with Dirichlet boundary condi-
tions in bounded domains has been computed explicitly for simple geometries such as the
sphere, cube, and other analytical manifolds [6]. This is not the case, however, for non
self-adjoint operators. To compute the full spectrum of Ly and approximate the DET in
the present case, we showed in collaboration with Z. Schuss (Weizmann institute) that the
higher order eigenvalues λm,n are periodically distributed allong the real and imaginary axis
of the complex plane ([7]) and thus, the peaks of the DET have a fundamental period T .
The method used to approximate the spectrum consists in applying the WKB method to
eigenfunctions and solve the associated boundary layer equation. In the case at hand, I
computed that the period is exactly the imaginary part of the eigenvalue of the Jacobian
matrix of the field bα at the critical point Pα. Thus, T does not depend on the noise and
only on the deterministic part of the system.
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1.3 Application to Up&Down state neurons and future perspectives

My first motivation to study this problem was the residence time of the membrane voltage of
neurons into an Upstate [8]. An Upstate has been characterized as the basin of attraction
of an point attractor, the boundary of which is an unstable limit cycle. The underlying
deterministic dynamics is a Hopf dynamical system for two variables which are the mean
field potential and mean depression[9]. The present approach shows that the non-Poissonian
origin of the time spent in the Up-state is precisely due the peak oscillations and the
associated stochastic process falls into the class described here. I am currently using the
present results to quantify the transition from Up to Down state, and study experimental
data from [10]. In the longer term, I intend to completely unravel the Up&Down state
neurons behavior by studying the first passage time to a separatrix which characterizes the
reverse transition from Down to Up state. Finally, richer phenomenology should also be
expected in dimensions higher than two, and I expect to extend the present methods to
such a case.

2 Stochastic chemical reactions in cellular microdomains

2.1 Theory of stochastic chemical reactions and mean time to threshold.

Biological systems are typically simulated either using Monte-Carlo simulations or using a
deterministic ODE approach. However, such an approach is usually quite inappropriate to
describe small discrete stochastic systems. Another part of my research for the past few
years was devoted to use a Markovian description to account for stochastic fluctuations in
this context, and more precisely, to study the activation of a threshold of bound molecules
underlying a biological function. Following the theory initiated by D. Holcman and Z. Schuss
in 2005 [11], I considered in the simplest case M Brownian molecules inside a microdomain
that can bind to immobile targets S, modeled generically as

M + S
λ


k−1

MS, (3)

where λ is the forward rate at which a single M -molecule encounters one of the single
free substrate and k−1 is the backward binding rate at which MS dissociates. Using the
markovian approach formulated above, I studied the mean time to reach a threshold (MTT)
τ̄T for the amount ofMS molecules at time t to reach a threshold T , which is the expectation
of the random time

τT = inf{t > 0|MS|(t) = T}, (4)

where |MS|(t) is the number of MS molecules at time t. To estimate the MTT, I derived
the associated master equation, which describes the dynamics of the probabilities pk(t) =
Pr(|MS|(t) = k), with an absorbing condition at the state |MS| = T . The MTT τ̄T is then
given by [12]

τ̄T =
T−1∑
0

ak, (5)
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Figure 2: Metaphase spindle organization in a human cell. Microtubules are stained
green, centrosomes are stained red and chromosomes are stained blue.

where ak =
∫ +∞
0 pk(t)dt. By integrating the master equation, I obtained an analytical for-

mula for τ̄T which interstingly varies non linearly with T . These results are in agreement
with Brownian simulations, and extend previous analysis on the first passage time for dis-
crete processes [13] or diffusion controlled reactions [14].
To extend this analysis to other types of processes, I studied the case of diffusing molecules
that can possibly disappear before binding the sites, and also another scenario of two com-
petitive molecular pathways. To study these two cases, I introduced a two dimensional
markov-chain and by counting the number of paths on the associated Markov graph, I ob-
tained a general expression for the probability to reach a threshold T and the conditional
MTT [12].

2.2 Applications to cellular processes

The previous analysis can be applied to study various biological processes. The first of
them is called mitotic spindle checkpoint. This process occurs during metaphase, when
microtubules interact with the chromosomes to build the mitotic spindle (see Fig. 2). Only
after all chromosomes have become aligned and are properly attached to a bundle of mi-
crotubules, the cell enters anaphase. To prevent premature division, even if all-but-one of
the the chromosomes are unattached or improperly attached, a signal inhibits the anaphase
activators, called the spindle assembly checkpoint (SAC). By modeling this process I com-
puted the time dependent probability that the spindle is not initiated before time t and then
the mean time to trigger cellular division. Hence, I obtained by reverse engineering some
quantitative constraints to guarantee both strong inhibition by the SAC and fast division
when all chromosomes are attached [15].

A second example is the mRNA repression by post-transcriptional regulation, which oc-
curs between the transcription and translation of genes. In collaboration with K. Burrage
(University of Oxford) we distinguish two types of post-transcriptional regulation: RNA
interference (RNAi) occuring in the nucleus, and post-transcriptional regulation of the tu-
mour suppressor gene, PTEN occurring in the cytoplasm. These processes can be described
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in terms of Markov processes, involving a few number of binding sites and a binding thresh-
old which activates the repression. Thus, we obtained precise estimate for the number of
siRNAs/miRNAs needed for specific genetic regulation [16]. Finally, other possible direc-
tions using the theory presented here are to obtain estimates for Long Term Potentiation
induction in neurobiology, or for the first open TRP channel in fly photoreceptor, and
more generally, an integration of threshold activation as a discrete event to more complex
biological systems.

3 Telomere length dynamics across cell divisions

3.1 Modeling telomere length dynamics

A third part of my research is to study the stochastic dynamics of telomere length across cell
divisions. Telomeres are regions of repetitive nucleotide sequences at each end of chromo-
somes, (see Fig. 3), necessary for the maintenance of chromosomal integrity [17]. Without
any mechanism of elongation, their length can only decrease during cell division. As a
result, a cell can only divide a finite number of times before it arrests proliferating, when
telomeres become critically short. This process is called senescence, and has been proposed
as a component of cellular aging [18]. To compensate this shortening process, the telomerase
protein [19] allows telomeres to elongate. Thus, the opposing effects of constitutive short-
ening and telomerase elongation can maintain a telomere length at equilibrium, so that the
cell does not undergo senescence. However, the relation between telomerase activity and the
length of the shortest telomeres remains elusive. As the shortest telomere among all those

Figure 3: DNA caps called telomeres (yellow) protect gene-bearing chromosomes (blue).

present in the cell is involved in the senescence, a stochastic approach is needed to study
the distribution of the telomere lengths and determine the length of the shortest one. In
collaboration with T. Teixeira’s lab (IBPC, Paris), I developped a simple stochastic model
of telomere length dynamics across cell divisions. In this model, a single telomere of length
Ln can at the end of each cellular division either be elongated by a length ξ with probability
P (Ln), or shortened by a length a with probability 1−P (Ln). Thus, after cellular division,
the telomere length Ln+1 is given by

Ln+1 =

{
Ln −a w.p. 1− P (Ln)
Ln +ξ w.p. P (Ln),

(6)
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where a is the shortening rate while ξ is the number of nucleotides added by telomerase.
The increment ξ is a random variable, which is independent of telomere length and its
probability follows an exponential distribution of parameter p. We infered the analytical
expression of the probability of elongation P (Ln) from the biochemical reactions involved
in telomerase recruitment [23], so that P (Ln) is given by

P (Ln) =


1

1 + β(Ln − L0)
if Ln ≥ L0

1 else
, (7)

where β and L0 are constant parameters. The shortening rate a and the constant parameters
p, β and L0 are all fitted to experimental data [20]. In [21], I compared numerical simulations
with experimental data and obtained a good agreement for the steady state distribution
and the mean average dynamics. A major advantage of the model is to give access to the
length of specific telomeres. In particular the model predicts the length of the shortest one
in a single cell, thus allowing to study the role of the shortest telomere as the key genetic
marker determining senescence.

3.2 Analysis of the telomere length distribution

After re-scaling the process described above, the telomere length dynamics can be reduced
to a continuous time Markovian jump process x(t), for which the pdf f(x, t), satisfies the
Takacs equation, which is the forward Master equation ([22, 1])

∂tf = ∂xf − λ(x)f(x, t) +

∫ l

0
λ(y)f(y, t)b(x− y)dy, (8)

where λ is a transition rate function and b accounts for the elongation length. In [23], I solved
the Takács equation and obtained a generic expression for the steady state distribution for
the telomere length as a normalized Gamma distribution.
In addition, the distribution of the length of shortest telomere among n, noted X(1:n),can
be analytically derived. Its pdf (also called the first order statistic) is given by

fX(1:n)
(x) = n(1− F )n−1(x)f(x), (9)

where F (x) =
∫ x
0 f(u)du. I estimated X̄k

(1:n) using the Laplace’s method and determined
the difference between the shortest and the second shortest. Interestingly, the ratio between
these two lengths goes to a constant which depends on α as

X̄(2:n)

X̄(1:n)

≈ 1 +
1

α
. (10)

Further on, I finally determined a condition on the parameter β so that the length of the
shortest telomere does not decrease below a critical length after a division, with a probability
of 1% [23].
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3.3 Possible directions

The importance of the results presented here to human biology rests on the role of telomerase
in both ageing and in cancer. If the activity of telomerase (related to the parameter β) is
increased artificially, the probability of senescence decreases and ageing is inhibited. But
unfortunately cells that divide uncontrollably often lead to cancer. This offers a narrow
window of opportunity for therapeutic intervention: if we dial the telomerase activity down
we can potentially suppress tumor growth; if we dial it down too far we will age before
our time. For that reason, it would be interesting to relate β to the level of telomerase, as
this relation is still unclear, and understand how this model can be derived from molecular
models, as that developped by Rodriguez Brenes and Peskin [24]. On the other hand, It
would be interesting to derive from the single cell dynamics that of a whole population.
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